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Seven different triple sum formulas for 9j coefficients of the quantum algebra 
u q {2) are derived, using for these purposes the usual expansion of q-9j coeffi- 
cients in terms of q-6j coefficients and recent summation formulas of twisted 
(/-factorial series (resembling the very well-poised basic hypergeometric 5^4 
series) as (/-generalizations of Dougalbs summation formula of the very well- 
poised hypergeometric 4-Fs(— 1) series. This way for q = 1 the new proof of 
the known triple sum formula is proposed, as well as six new triple sum for- 
mulas for 9j coefficients of the SU(2) group, in the angular momentum theory. 
The mutual rearrangement possibilities of the derived triple sum formulas by 
means of the Chu-Vandermonde summation formulas are considered and ap- 
plied to derive several versions of double sum formulas for the stretched q-9j 
coefficients, which give new rearrangement and summation formulas of special 
Kampe de Feriet functions and their (/-generalizations. Several fourfold sum 
formulas [with each sum of the 5^4(1) or 5^4 type] for the 12j coefficients of 
the second kind (without braiding) of the SU(2) and u q (2) are proposed, as 
well as expressions with five sums [of the 4^3(1) and 3^2(1) or 4^3 and 3^2 
type] for the 12j coefficients of the first kind (with braiding) instead of the 
usual expansion in terms of q-6j coefficients. Stretched and doubly stretched 
q-l2j coefficients [as triple, double or single sums, related to composed or sep- 
arate hypergeometric 4.^3(1) and 5-^4(1) or 4^3 and 5^4 series, respectively] 
are considered. 



I. INTRODUCTION 



The Wigner 9j coefficients arise as the recoupling coefficients of the four irreducible 
representations (irreps) of the SU(2) group and play the important roles in the quantum 
mechanical angular momentum theory.Ena Many applications have also the 12j coefficients 
of both kindso'Q as the recoupling coefficients of the five irreps of the SU(2) group. There 
are many known expressions for 9j coefficients as multiple series. Nevertheless, the most 
compact formula (however, which does not represent any symmetry of 9j-symbol) was de- 
rived originally by Alisauskas and Jucysi as a triple sum series, in frames of resolution of the 
multiplicity-free (semistretched) coupling problemi'i for the states of irreducible represen- 
tations of the Sp(4) [SO(5)] group restricted to SU(2) xSU(2). In Ref. |3] it was also proved 
after tedious rearrangement of the fourfold sum! in frames of the usual angular momentum 
[SU(2) representation theory] technique, by means of the Chu-Vandermonde summation for- 
mulas. Different computationalJatJ polynomial, rearrangement JlIHl] specification,!!!! 



and otheiH aspects of these multiple sum series were considered. Their analytical continua- 
tion was also adapted^ for the isoscalar factors of the Clebsch-Gordan (CG) coefficients of 
the Lorentz or SL(2, C) group. 

Recently RosengrenllHEl proposed two new proofs of the triple sum formula for 9j coeffi- 
cients of SU(1,1). His first proofi@ was based on the use of the explicit coupling kernels in 
the su(l,l) algebra, rather then in the su(2) algebra, when in the second caseil'0 the usual 
expansionliHa of 9j coefficients of su(l,l) in terms of 6j coefficients was rearranged using the 
appropriate expressions for the Racah coefficients in terms of the balanced hypergeomet- 
ric 4-^3(1) series and Dougall's summation formula@ of the very well-poised 4^3 (—1) series 
[which, in other words, corresponds to the factorial sum weighted with factor (2j + 1)]. 

For the quantum algebra u q (2), the expansion of the q-9j coefficients in terms of q-6j 
coefficients was generalized by Nomuralltl and Smirnov et alH and extended to q-3nj 
coefficients (particularly, of the first and the second kind) by Nomura,00 who discussed 
their role in frames of the Yang-Baxter Relations. The corresponding summation formula 
of the twisted g-factorial series [generalizing Dougall's summation formula and resembling 
(but not equivalent with) the very well-poised basic hypergeometric 5(^4 series, depending 
on 3 parameters] needed for our purpose was derived by Alisauskas0 and the twisted very 
well-poised g-factorial series, resembling the basic hypergeometric i<J)q series (depending on 
5 parameters) appear in a new approachU to the Clebsch-Gordan coefficients of u q {2). In 
the u q (3) context, Alisauskas0 also used the summation formula of the g-factorial series 
depending on 4 parameters which correspond to Dougall's summation formula of the very 
well-poised hypergeometric 5-F 4 (l) or basic hypergeometric 60s series.S 

The main purpose of the present paper is to derive the all independent expressions with 
the triple sums for the q-9j and the usual 9j coefficients, as well as to rearrange expressions 
for the q-12j and the usual 12j coefficients of the both kinds into more convenient forms, with 
minimal number of sums, or at least eliminating the cumbersome factorial sums weighted 
with factors [2j + 1] or (2j + 1) from the compositions of the q-6j or usual 6j coefficients 
expanded in different forms. 

In Section II, the appropriate expressions for the 6j coefficients of SU(2) and u q {2) are 
presented, as well as the rearranged expansions of 9j coefficients of u q (2) in terms of 6j co- 
efficients, allowing us to generalize Rosengren'sS approach with help of the new summation 
formulas, weighted with factor [2j + l] (see Appendix A). In Section III, seven different triple 
sum formulas for 9j coefficients of u q (2) are derived, their summation intervals and other 
properties are compared. For q = 1 they turn either to known expression of Alisauskas and 
Jucys,! or to six new triple sum formulas for 9j coefficients of SU(2). In Section IV, the 
mutual rearrangement possibilities of new expressions by means of the Chu-Vandermonde 
summation formulas (see Appendix B) are considered. Particularly, several versions (of 
different classes) of the double sum formulas for the stretched 9j coefficients of u q {2) and 
SU(2) are derived, which enable to get new relations and summation formulas (presented in 
Appendix C) for special Kampe de Feriet functions^ and their (/-generalizations (cf. Refs. 

Section V is devoted to rearrangement of the usual expansion formula (in terms of 6j and 
q-Gj coefficients) of 12j and q-l2j coefficients of the second kind@i'0 (i.e., without braidingS) 
into the fourfold sums, using Dougall's summation formulaEl of the very well-poised 5-^4(1) 
series, depending on 4 parameters. Also, specific stretched and doubly stretched 12j and 
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q-12j coefficients of the second kind are studied. In Sec. VI, expressions of 12j and g-12j 
coefficients of the first kind!'! (with braidinglll) in terms of q-6j coefficients are rearranged 
using the transformation formula!^ of the very well-poised 6 F 5 (— 1) series or g-factorial sums 
(depending on 5 parameters and weighted with factors (2j + 1) or [2j + 1]), resembling 
the very well-poised basic hypergeometric series. Variety of the stretched and doubly 
stretched 12j and q-12j coefficients of the first kind are also considered. 



II. PRELIMINARIES 



A. Expressions for the 6j coefficients of SU(2) and u q {2) 

The appropriate for our purpose expressions for the 6j (Racah) coefficients of SU(2) 
(with the different or coinciding signs of summation parameters in 3 numerator g-factorial 
arguments) were derived originally by Bandzaitis et (see also Refs. [|[8|), when Smirnov 
et rederived them for the Racah coefficients of u q {2). These two expressions, each in 

two different versions, may be written as follows: 

a b e \ V[acf}V[dbf] ^ ^y+b+c+d+z^ + f _ a + z y 



d c f J V[abe]V[dce] ^ [z]\[a + c- f - z]\[b + d- f 



z 



and 



[ b + f - d + z]l[a + d + e -f- z] \ 
[ e + / _ a _ d + z ]![ 2 / + z + i]! 1 • ' 

V [acf] V [dbf] ( - 1 ) fe + c + e +/+- [ c + d - e + z] ! 
V[abe]V[dce] [z]\[c - d + e - z]\[b + e - a - z}\ 

x [a + b-e + z]\[2e-z]\ 

[a + d-e- f + z]\[a + d- e + f + z + 1}\ 1 ' ; 



a b e \ {,) _ V[eab]V[fbd} yv {-l) b+c+e+ f +z [2b - z}\ 



d c f j q V[ecd}V[fac\ ^ [z]\[b + e - a - z]\[b + f - d - z}\ 

[b + e + / - c- z]\[b + c + e + / - z + I]! 
[a + b + e- z + l]\[b + d + f - z + l}\ ' 1 " ' 

V[eab]V[fbd] (-l) b+e - a+z [a + b - e + z]\ 

~ V[ecd]V[/ac] *f [z]\[b + e - a - z}\[a - e + f - d + z}\ 

[a-c + f + z}\[a + c + f + z + l]\ 

[2a + z + l]\[a + d-e + f + z + 1]V 1 ' ' 



where V[a&c] is asymmetric triangle coefficient, 
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V[a6c] = (ktizi!il^j|±*±£+l I , (2.3) 

and Eqs. (|2.2a| )- (|2.2b|) are less effective than ( p.la ) and (|2.Ib|) . Here and in what follows 
[x], [x}\, (a\q) n , and ["] are, respectively, the g-numbers, g-factorials, g-Pochhammer sym- 
bols, and g-binomial coefficients, 
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[x] = (q X -q- X )/(q-q- 1 ), [x]\ 

n-l 

(a\q) n = H[a + k], [1]! = [0]! 



= [*][* -1]...[2][1], 
(a\q) = 1, 



k=0 

[n}\q n{n - r) 
[r] ! [n — r) ! 



(2.4) 
(2.5) 

(2.6) 



where ( |2.4j ) and ( |2.5|) are invariant under substitution q <-> q^ 1 and turn into usual integers 
x, factorials x\ and binomial coefficients ( n J for q — 1. 

We see that each parameter 6, c, or e appears only twice in the factorial arguments 
under the summation sign in ( |2.1a| ), as well as parameters b, c, or / in ( 2.1b|) [which is 
obtained after some shift of summation parameter in fl2.1a )j. Similarly each parameter a, c, 
or d appears only twice in the factorial arguments under the summation sign in ( p.2a|) , 
as well as parameters b, c, or d in ( |2.2b| ). Otherwise, each parameter a or d appears four 
times in the factorial arguments under the summation sign in ( 2.1a ) and ( 2.1b]) , as well 
as parameters e or / in ( |2.2a ) and ( 2.2b|) and all the parameters in the most symmetrical 
(Racah§) and the remaining expressions for 6j and q-Gj coefficients,H'Qc3c3 which include 
only usual symmetric triangle coefficients A[a6c] in the numerator and denominator before 
the summation sign. Note that some triangular conditions restrict the summation intervals 
in (|2.1a|) and (|2.2a|) , or they are represented by definite differences of factorial arguments in 
numerator and denominator, for example, (c + / — a + z) — (e + f — a — d + z) > in ( p.la| ), 
ot (b + d + f-z + l)-(b + e + f-c-z)-l>Oin ( [Op . 

It should be also noted, that only the expressions presented above fl2.1a[ ) and ( |2.2a| ) are 
correlated with the Racah polynomials as introduced by Askey and Wilson, see Ref. |36|. In 
contrast, the most symmetric and the remaining expressions for the 6j and q-6j coefficients 
turn into the Racah polynomials only after some Whipple (Bailey) or Sears transform!! of 
the balanced hypergeometric 4-F 3 (l) or 4 3 series are used. 



B. Rearrangement of expansions for q-9j coefficients 

We use here the definition of the q-9j coefficients of u q {2) introduced by Nomura@il 
in contrast with definition by Smirnov et aS, when the substitution q — > q^ 1 is necessary. 
These coefficients (q-9j symbols) may be extracted from the recoupling-braiding coefficients 
of the states of four irreps and are invariant under even permutations of their rows or columns 
and under transposition of 3 x 3 array (interchange of their rows and columns), 

(2.7) 
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Taking into account the braiding, in the case of odd permutations of their rows or columns, 
the q-9j coefficients obeyS^ 

) ( a e b \ ( c d f 

(2.8) 
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where 



A — f_1\a+b+c+d+e+f+g+h+kqZ deh +Z bcg +Z a f k 



and 



J deh 



-d(d+ 1) - e(e + 1) - h{h + l). 



Let us consider some different versions of expansionist of the q-9j coefficients of 
u q (2), written after applying some symmetries of q-6j coefficients, 
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(2.9a) 

(2.9b) 
(2.9c) 
(2.9d) 
(2.9e) 
(2.9f) 
(2.9g) 



where the summation parameters j are restricted by the triangular conditions, 
max(|a - g\,\f - b\,\k - c|) < j < min(a + g, b + f, c + k). 



(2.10) 



When we use expressions (p. la]) or ( p.lbj ) for nonprimed q-Qj coefficients and expressions 
or ( j2.2b| ) for primed q-6j coefficients, the asymmetric triangle coefficients depending 



on the summation parameter j are distributed in their numerators and denominators in 
expansions ( |2.9a| ), ( p.9b|) , and (|2.9ej )- (|2.9g|) as follows: 



V[agj]V[kcj} V[fbj} 

X : r X 



1 



1 V[kcj] V[agjMfbj] 

when in expansions ( |2.9c| ) and ( |2.9d| ) as follows: 



(2.11a) 



YJkcj] VIM x v t Q ^ 

V[agj] V[kcj] V[fbj] 
5 



(2.11b) 



Particularly, they cancel if we express all but the first q-6j coefficients in ( |2.9a|) by means 
of ( 2. lap , as well as the first and the last q-Gj coefficients in (|2.9b|) and Q2.9d|) , the second 
q-6j coefficient in ( |2.9c| ), and the first two q-6j coefficients in ( |2.9ej ), when the remaining 

(primed) q-Gj coefficients {' ' in (|2.9b|) - (p.9ej) are expressed by means of ( |2.2a| ) and the 
first q-6j coefficient of ( |2.9a| ) by means of ( |2.1b| ). It is expedient to use the inverse order of 
summation [with substituted by z — > a + c — / — z parameters in ( J2.1a )] for the second q-6j 



coefficients in ( |2.9a| ), ( |2.9cj ), (|2.9e|) , and the first and last q-6j coefficients in (|2.9d| ), with j 
appearing in the upper middle position of the corresponding 6j-symbol. 

Now the summation formulas (|A2| ) or ( |AI| ) of the twisted very well-poised g-factorial 
series@ (see Appendix A) may be used in ( |2.9a|) or in ( |2.9b|) and (|2.9c| ), respectively, if the 
summation parameters j are restricted naturally by the non-negative integer values of the 
denominator factorial arguments, 

max(a — g,\f — b\,k — c) < j < min(a + g, c + k), (2.12a) 
max(/ — b,a — g) < j < min(a + g,b + f,c + k), (2.12b) 
max(6 — f,k — c) < j < min(a + g, c + k), (2.12c) 

respectively. In (|2.9d|) and (|2.9e| ), parameters j are, respectively, restricted by the natural 
limits, 



max(|a 
max(/c - 



-g\J-b,c-k) < j <& + /, 
c,b — f) < j < min(a + g, c + k). 



(2.12d) 
(2.12e) 



In these two last cases, the summation formulas ( |A2|) and (|A3|), respectively, may be used. 

However, the formal summation intervals ( |2.12a| - p.l2e| ) may exceed the interval ( j2.10| ), 
determined by triangular conditions. Of course, separate q-6j coefficients with spoiled trian- 
gular conditions in ( p.9a| - |2~9e| ) vanish, but such vanishing is not evident for the corresponding 
pure g-factorial sums of the type (|2.1a|) or ( j2.2a|) . We need to consider each case separately, 
for example, when j = b + f + 1, b + f + 2, ... [i.e., for b + / < j < min(a + g,c + k)], or 
max(g — a,c — k) > j > max(a — g, \f — b\, k — c), the second or the first sum of the type 
( p. la| ) or( 2.1b| ) in expansion of_ (|2 . 9a|) turns into 0, in accordance with Karlsson's summation 
formula,^ H or its g-version^'H - 

,(n— m— l)s m 
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-n(n+l)/2+J2 



(2.13) 



where m < n are integers [cf. applications of (p,13|) for the multiplicity-free isoscalar 
factors!!!! of SU(n) and u q (n)]. [Note that the third factorial sum in expansion of (|2.9a|) 
may be nonvanishing in spite of spoiling of the triangular conditions.] 



III. NEW EXPRESSIONS FOR 9j COEFFICIENTS OF SU(2) AND u q (2) 

A. Expressions with the full triangle restrictions of summation intervals 

Hence, using the expansions ( |2.9aj )-( p.9ej ), alternative expressions for the q-6j coefficients, 
and summation formulas ( |A1|) - ([A3| ), at first we obtained five different expressions for the 
q-9j coefficients, 
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[a + fe + e-Zg + lJIta-rf + Z-Zi + Zi + za]! ' ^' l6 ' ) 

Expression ( |3.1a| ) for q — 1 is equivalent to the known triple sum formula! for the 9j 
coefficients of SU(2). The numerator-denominator distributions of factorials, depending on 
the summation parameters 2:1,22,23, are different in all expressions (|3 . 1 a| ) — ( |3 . 1 ej ) . All the 
terms in the last sum of (p.lbj) , in the second sum of ( |3 . 1 c|) , and in the first sum of ( p.le|) are 
of the same sign. The separate sums correspond to the finite basic hypergeometric series, 
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'Y7j=i@j-> as defined (with a minor correction) 



by Alvarez-Nodarse and Smirnovll, instead of the standard basic hypergeometric functions 
p+ i0p (see Gasper and RahmanS). Parameters c = — 1 and x = 1 for the balanced basic 
hypergeometric series, which appear in expressions for q-Qj coefficients. @H 

The intervals for summation parameters Zi (i = 1, 2, 3) are mainly restricted by six [in 
( p. la| ) and ( |3.1e| )1, five [in ( |3.1b| ) and ( |3.1d| )1, or four [in ( |3.1c| )l triangle linear combinations 
of the type a + b — c, respectively. As result of their vanishing we may write 23 different 
(independent) expressions as double sums for the stretched 9j coefficients as compositions 
of 4-F 3 [- • •; q, x) and 3 F 2 [- ■ -;q,x] series [with latter in the 10 cases corresponding to the CG 
coefficients of u q (2)]. Although Minton's summation formulas ( |B3ap or ( |B3bQ (see Ref. 



may be used (12 times) for separate alternating sums in ( ft.la|) - (|37le| ), satisfying special 
conditions, in the case of some stretched triangles [e.g., for d = b + k 01 e = b — a in Eq. 



( p. lap ], but the expressions obtained are equivalent to some derived previously (although 
using the different triple sum expressions). In contrast with Eq. (32.13) of Ref. [3] and its 
g-generalization@ [appearing, e.g., in context of the stretched isofactors of u q (3)], which 
are expressed as compositions of two generic 3 F 2 [■ ■ -;q,x] series, they are less symmetric 



S 



and more complicate. Although these sF 2 [- • •; q,x] series in all 23 new expressions may be 
rearranged into other forms separately [cf. Refs. pjp9|,36 in such ways that the double sums 



turn into compositions of two generic 3 F 2 [- • •; q, x] series, we use more universal approach in 
Sec. IV. 

The doubly stretched q-9j coefficients with the adjacent consecutive stretched triangles 
may be expressed without sum, 

.l)c+d-f<fb<+ZefHkV[ e fg] f [26]![2c]![2/i]! V /2 

> (3-3) 




V[hgk}V [cdf] V [bdk] \ [2a + 1] [2e + 1] ! 

where a = c+h and e = a + b [cf. Eq. (32.21) of Ref. [|, taking into account that in related 11 
cases two summation parameters are fixed and the last summation may be performed using 
either the Chu-Vandermonde formulasiSS [in 9 cases, e.g., in (|3. lap for k = g + h = b — d, 
or in ( |3.1b| ) for k = g + h = d — b, see Appendix B] or Karlsson's@cl summation formula 
( EI3D [in (|3~TdD for g = e + f = k - h, or in (CT) for g = e + f = k - h\. 



The different versions of the doubly stretched q-9j coefficients with single sums in expres- 
sions [mainly as generalizations of Eqs. (32.15), (32.17), (32.17a), (32.18), and (32.20) of Ref. 
|3| may be obtained straightforwardly from ( |3.1a| )- (|3.1e|) with fixed couples of summation 
parameters. 

Additional restrictions for ± Zj in generic expressions ( p.la|) -( ^.le|) may be represented 



as some couples of triangle linear combinations. No formula does represent any usual sym- 
metry of 9j-symbol, but expressions ( 3.1a|) - (j3.1e|) are mutually related by some "mirror 
reflection" (J — > — j — 1) symmetries.^ 



B. Expressions with the partial triangle restrictions of summation intervals 



Summation formulas (|A2|) and (|A3|) also may be used, when the first (primed) q-6j 
coefficients in fl2.9tj ) and ( ^.9g| ) are expressed by means of ( J2.2b ) and remaining (primed 
or nonprimed) ones by means of (|2.2a|) or ( |2.1a|) , respectively. It is impossible to get the 
definite summation interval for j when expressing all three q-6j coefficients by means of 
primed q-6j coefficients ( |2.2a| ) or ( |2.2b|) with the numerator - denominator distribution of 
the type ( |2.11b|) . Hence we derive in addition two more triple sum expressions for q-9j 
coefficients, 




■1) £ 



z _ h V[abe]V[feg]V[kbd] 
V[ach]V[fcd]V[kgh] 



xq Z deh -(a+b+f-g)(f+g-e+l)-(g-a)(g-a+l) 



X 



E 



'_iyi+z 2 +z 3 ^ g _ h + k + + h + k + Zi + jji 



[zi]\[g + k 



x 



X 



Zl,Z2,Z3 

[2b - z 2 ]\[b + f + k 



c + z^c + g + k-a + Zx + 1}] 
-z 2 }\[b + f + k + c-z 2 + l}\ 



[2g + Zl + l]\[z 2 ]\[b + k-d- z 2 \\[b + d + k - z 2 + 1]! 
[b + e - a + z 3 ]\[e - f + g + Z3 ]\ q -^+e-a-z 2 +z 3 ) 
[z 3 ]\[a + b-e- z 3 }\[f + g-e- z 3 }\[2e + z 3 + 1}\ 
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q Mf+9-e-z 3 +l)+z 3 (a+b+f-g) y + g _ g + ^ _ ^ j 

X [a + & + /- £/ - *l - ^]![6 + e - a - z 2 + z 3 }\ ' 



a + c- fe -e-f +q VWV[/e^]V[A;H 



^ ^ V[ac/i]V[/cd]V[%/i] 

X qZ deh -(a+b+f-g)(e+f+g+2)~(g-a)(g-a+l) 

-iyi+^ g _f l + ] i . + + h + k + Z 1 + l}\ 



X 



X 



X 



^ [z x \\[g + k-a-c + Zl \\[c + g + k - a + z x + 1]! 

[26 - gg|! [& + / + k - c - z 2 }\ [b + f + k + c - z 2 + 1] ! 
[20 + Zl + l]![z 2 ]![6 + k-d- z 2 ]\[b + d + k-z 2 + l]\ 

[2e — - 2 3 J!g 2 i( a ~ fc + e + 2 2-Z3+l)+22(e+/+g-Z3+2)+Z3(a+')+/-g) 

[z 3 ]![a - 6 + e - z 3 ]![e + f-g- z 3 }\[[a + b + e - z 3 + 1]! 



[e + / + 9 + Zi ~ z 3 + l]![a ~ & + e + 2: 2 - z 3 }\ 
X [e + f + g-z 3 + l]\[a + b + f-g- Zl -z 2 ]\- l ' J 

Here the summation intervals for z 2 and z 3 are restricted by one or two triangle conditions, 
but zi+z 2 restricted only both together by some couples of triangular linear combinations. In 
these cases we may write 6 more expressions for the stretched q-9j coefficients as double sums, 
but only five of them correspond to compositions of generic 4-F 3 [---; q, x] and 3 -F 2 ["-; q, x] series, 
and only four times all the summation intervals in these expressions are restricted by some 
triangle conditions. In the remaining cases some couples of triangular linear combinations 
appear as the summation intervals. 



IV. REARRANGEMENT OF THE TRIPLE SUM EXPRESSIONS FOR q-9j 
COEFFICIENTS AND STRETCHED q-9j COEFFICIENTS 

A. Search for other rearrangement of the triple sum expressions 

We may identify such three blocks (quintuplets) of factorials under the summation sign 
in numerators and denominators of each expression ( 0. la| )-( |3. le|) , which may be expanded 
using the Chu-Vandermonde summation formulas,!S@ given in Appendix B. For example, 
expressions ( |3.1a| ), ( p.lbj ), and ( |3.1d| ) may be expanded as follows: 




/ -i y+h-a ^[abe}V[feg}V[kbd] (f + h-e-k)(a+d-e+k+l)-(a-e+f)(a-e+f+l) 

1 ' V[ach]V[fcd]V[kgh] q 

X q-(g+h-k)(f+g-e)-(c-a+h)(c+d-f)+(b+e-a+l)(d-b+k)+Z deh 

X n J£ M [zM^M2e + z 3 + l]l [sMsMssV- 

^_]^zi+Z!2+Z3+si+S2+S3qSi(a+d— e+k-z? — Z3) \p _|_ g _ a _|_ z ^ _|_ g^jj 

X [d-b + k- z 2 - Sl ]\[2b + si + l}\[g + h - k - z x - s 2 }\ 

q-S2(e-f-h-\-k+zi+Z3+l)—S3(a-d+f-h+zi+Z2+l)^2g — s 2 ]![2c — S3]! 

[/ + g - e - z 3 - s 2 ]![c - a + h - z 1 - s 3 ]![c + d - f - z 2 - s 3 ]\ ' ' "'" 
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1 



ie -f-h+k V[abe]V[feg]V[kbd\ ^ c+h _ a)(b _ c+f+k+1) 



V[ach}V[fcd]V[kgh] 



X q(b+e-a)(e-f-h+k)-(f+g-e)(g+h-k)-(a-e+f+l)(a-e+f)+Z deh 



X 



E 

E 



^_iyi+z 2 g-z 1 (a~c-g+k+l)-z 2 (b+c-f+k)+z 3 (a+b+f+g) ^fo _ 

[*i]![6 -d + k- z 2 ]\[b + d + k-z 2 + IJlKJlpe + 23 + 1]! 

^_^ s i+ s 2g-si(6+e-a-22+23+l)-S2(e-/-?i+fc+2i+Z3+l) _ s 1 ]l[2^ — S2]! 



X 



[si]![2 2 - si]![o + b - e - z 3 - si]![s 2 ]![g + ft - A; - Zi - s 2 ]! 

g -. 3 (o+&+/-JH-k+*l-*a+2)[ 2c _ S3 ]![5 _ c + f + f, _ Z2 + S3 ]| 



+ # - e - z 3 - s 2 ]![s 3 ]![c + ft - a - zi - s 3 ]! 

/_ 1 N6-cH-/-ff+/i g (fc-c-l)(o+6+/- fl )+(a- ff )(6+/+l)+(e+/-fl)(o-6-/+fl+l) 

x (a-c+h)(c-a+ 9 +k+2)+z deh V [ach]V [f eg}V [kbd] 



(4.1b) 



x 



E ' L 
E 



V[a6e]V[/cd]V[^/i] 

-zi(c-a+ !? +fc+2)+22(c-f)+/-fc+l)-2 : 3(a-b-/+9+l)[2/ i 



[zi]![6-d + ife-z 2 ]![6 + d + fe-^ + l]![z3]! 
(_l)*a+«s+«i+»a+*3[2 e _ Z3 ]![26 - si]! 



xg 



_ s 1 . -j . ,s'3 M ! t*2 - - a + e - z 3 - si]![s 2 ]![e + f-g-z 3 - s 2 ]! 

si(a+6— e— Z2+Z3+1)— S2(&— e— /— ft+zi+23)— 83(6+/— A+fc— a+21 — 32+1) 



X 



[g - h + k + zi + s 2 }\ [b + c + / + k - z 2 + s 3 + 1] ! 
[2<? + s 2 + l]![s 3 ]![a - c + ft - z x - s 3 ]\[2c + s 3 + 1]! ' 



(4.1c) 





b e ' 




a 


e b ] 


{: 


d f 


\;\ 




9 k } 




k g J 




U 


f d) 



The summations over s\, s 2 , s 3 give original expressions ( |3.1a| ), ( |3.1bj ), and ( |3. ld| ) , when the 
summations of (|4.1a|) , over Z\,z 2 ,z 3 give another expression for q-9j coefficient, equivalent 
to ( p. la ) after transpositions of two last rows and two last columns, 



(4.2a) 



Otherwise, the summations of ( |4.1b| ) over Zi,z 2 , z 3 give expression, equivalent to ( |3.1ej ), after 
changing the summation parameters and taking into account the same relation (|4.2a|) , as 
well as the summations of ( |4.1c| ) over zi,z 2 ,z 3 give expression, equivalent to (|3.1cj ), again 
after change of summation parameters and applying the relation 



(4.2b) 



Hence only three from these expressions for the q-9j coefficients are independent with respect 
to elementary rearrangements. 

The quintuplet expansion by means of the Chu-Vandermonde summation formulas of 
expressions ( |3.4a| ) or ( 3.4b| ) leads to vanishing of the summation limit for Z\ and, therefore, 
it is not helpful for the rearrangement of q-9j coefficients. 
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B. Different expressions for the stretched q-9j coefficients 



In the stretched cases, e.g., for k = g + h in ( |4.1a| ) and ( |4.1b| ), or for c = a + fa in 



( |4. lc| ) some couples of parameters Zi and Sj are fixed and summation over z\ and s\ (where 



I is some permutation of 1,2,3) is possible, using the Chu-Vandermonde formulas (see 
Appendix B). Hence we may derive 14 versions of expressions (from which at least 13 are 
independent) for the stretched q-9j coefficients as double sums over parameters Zj and Sj 
(where further the subscripts of the summation parameters will be omitted) as compositions 
of the both generic [• • •; Q, x] series. For example, from ( 4.1a|) and (|4.1b|) with a = c + fa 



and Z\ = S3 = 0, from ([4.1a) with k = fa + g and Z\ = S2 = or with e = / + g and 



^3 = S2 = 0, and from ( |4.1c ) with c = a + h and z\ = S3 = [using some symmetries (|2.7|) of 
the q-9j coefficients and, in the last case, some change of summation parameter] we obtain, 
respectively, the following expressions: 




[2e] ! [2/] ! \ 1/2 V [ghk] V [bdk] V [cah] 



-q 



(h-b-c-e)(b+c+f-k)+2bc+Z, 



X 



[2g + l]\J V[eab]V[fcd} 

{-l) s+z [a -c+h + s]\[k-b + d + z} 



efhk 



E 



s]\[a + c-h-s]\[b-c-e + h + s]\[2h + s + l]\ 

qs{b+c+f-k-z)+z(b+c+e-h)^f l 

z]\[b + d - k - z]\[k - b + c - / + z]\[2k + z + 1]! 
K _ x) b-a + f +h - k , [2e]![2/]!V /2 V[ghk\V[bdk\V[cah\ 

xq 

E 



(4.3a) 



[20 + 1]!/ V[eab]V[fcd] 

(b+c-f){k~g~h)+k(g+h+l)-2fh+Z bcf +Z ghk 

l) s [2h - s]\[e + fa - b + c - s]![Jfe - b + d + *]! 



V 

[s] ! [c + fa — a — s] ! [a + c + fa — s + 1] ! [g + fa — k — s — z] 

qs(b+c+f-k-z)+z{b+c+e+h+l) 

[z]\[b + d-k-z]\[c-b- f + k + z]\[2k + z + l]\ 
( _ 1)d+/ _ c/ [2e]![2/]!V /2 V[cah\V[ghk\ 

xq 



(4.3b) 



[2g + 1]! / V[/cd]V[ea&]V[6dfc] 

(6-c+e+/i+l)(g-/i+fc)-(e+fc)(e+fc+l)+Z bc!? 



^ (-l) s+z [a-c + h + s}\[b + c + e-h- s]\ 
' ^ [s]![a + c - fa - s]![2fa + s + 1]![# - h + k - s - 

qS (c-b+f+k-z)-z(b-c-e+h+l) ^ b + d _ k + ^k- Z}\ 

' + A; - 6 - 2]! [6 + c - / - k + z]! 



(4.3c) 



2o/-(o+6-e)(o+d+/-/i)+X 6dfl/ , 



[2e]![2/]!\ 1/2 V[ghk)V[dbk) 



x 



E 



[2# + 1]! / V[hac\V[fcd]V[eab} 
[z}\[b + d - k - z]\[b + d + k - z + l]\[s}\ 
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X 



Q 



z(a+d+f-h-s)~s(g+h~b-d+l) 



[2a - s]\[h -a + c + s]\ 



q 



a + 6 — e — z — s] ! [a + c — h — s]\[d ■ 

k(2f-2b+k-l)+(g-h+k)(a+b-f-h-k)+Z cdeh 

[2e] ! [2/] ! \ 1/2 V [ghk] V [kbd] V [ach] 



f + h + s]\ 



(4.3d) 



[2<7 + l]! 



V[fcd]V[eab] 



x 



E 



/ -^c—d+e—g+z q—s(a->rb+e+z+l)—z(h—g+k) 

s]\[g -h + k-s]\[a + c-h-s]\[2h + s + i\\ 
[c + h- a + s]![6 + d - fc + z]\[b + e - a + z]\ 



" [z]\[d + k - b - z]\[b - a - f + h - k + s + z]\[2b + z + 1]!' ^ 4 ' 3 ^ 

Expression ( [4.3a] ) is invariant with respect to simultaneous permutations of the two first 
columns and rows of the stretched q-9j coefficients in accordance with (|2.8|) and is related 
to the particular case of Eqs. (26)-(27) of Ref. |], that appeared in context of the stretched 
isoscalar factors of the Sp(4) or SO(5) group restricted to SU(2)xSU(2), but ( |4.3b| ) and 
( ]4.3c|) are more convenient, since separate sums are not alternating. 

The linear combinations of parameters a + b — e, d — b + k, and c + d — f restrict the 
both summation parameters in expressions ( |4.3b|) , ( |4.3c|) , and (|4.3d|) -( f4.3ej) , respectively, 
for the q-9j coefficients with the couples of adjacent consecutive stretched triangles [cf. Eq. 
(32.21) of Ref. [3|. Otherwise, the summation of expression (|4.3a|) for g + h — k = 0, or 
g — h + k = is nontrivial, as well as Eq. ( 4.3b|) for g — h + k = 0, Eq. (|4.3cj ) for a + b — e = 0, 
or g + h - k = 0, and Eqs. (ETSdP-flO^) for g + h - k = 0. 

The both separate sums only in Eqs. Q4.3a|) and (|4.3d| ) correspond to the CG coefficients 
of u g (2).c3'E3'E3 Hence the sum over z in (|4.3d| ) [as well as the sum over s in ([4.3b )] may 



be included [using Eq. (5.17) of Ref. into the Clebsch-Gordan coefficients of u q (2), 
reexpressed by means of Eq. (41a) of Ref. (with changed summation parameters) and the 
following expressions for the stretched q-9j coefficients may be derived: 

_ ( 1)a+ b +c+ d- h -k {\2eWmg + h-k}\[g + h + k + l}\f 2 
([2g + l}\[2k + 1]) 1/2 V[hac}V[fcd}V[eab] 

K q2af-(a+b-e)(a+d+f-h)+b(g-h)+(b+d-k)(b+d+k+l)/2+Z bdgh 




X 



[a + e — m] ! [c — e + h + m] ! 
[a — e + m] ! [c + e — h — m] ! 



[d + g — h — m] ! [b + m] ! 
[d — g + h + m] ! [b — m] ! 



1/2 



d 

h- 



b k 
m m g — h 



(4.4a) 



(]2e]![2/]![fe + k-g]\[g-h + k}\[g + h- k}\[g + h + k + 1]! 
{[2g + 1]!) 1/2 V[hac}V[fcd}V[eab}V[kbd] 

X q(b+d-k)(a+b+f-h+k+l)-(a+b-e)(a+d+f-h)+2af+Z bdgh 



,1/2 



X 



E 

s,z 

[2a 



^_^a+b+c+d-h-k+s+Zq-s(g+h-k+l)-z(g-h+k+l) 

[s]\[a + c - h - s]\[z]\[b + d - k - z}\ 
- s]![c + h - a + s]\[2d - z]\[b -d + k + z}\ 



[d — a — f + h + s — z]\[a — d — e + k — s + z}\ 



(4.4b) 
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[2e]![2/]![a-6 + e]![a + 6-e]l 



[2g + l]\[e 



1/2 



V[ghk]V[bdk] 
b]\[a + b + e+ 1]\ J V[fcd]V[ach] 



xq 



(c+d-f)(a+b-e+l)-(a+b+e+l)(b+d-k)+2ed+Z acgk 



X 



[2c-s}\[a-c + h + s}\[k-b + d + z}\ 
[s]\[c + h-a- s]\[z]\[b + d - k - z\\[2k + z + 1]! 

f_iy+k-b-f+Sq-s(a+b-e+X)+z(a+b+e+i) 



U 4 C ) 

[c-6-/ + fc + z-s]![a-c + 5f-A;-z + s]! v ' 

Expression (|4.4b ) satisfies symmetry relation (2.8) for permutations of the two first columns 
or rows of the stretched q-9j coefficient and is a g-generalization of standard formula (32.13) 
of Ref. |3| for the stretched 9j coefficients. The linear combinations of parameters a + b — e 
or c + d — f restrict the both summation parameters in expression ( |4.4b| ) , when g + h — k or 
c + d — f restrict the summation limits in expression ( |4.4cj ). Hence expressions ( 4.4b ) and 
( |4.4cD for these cases of adjacent consecutive stretched triangles also turn into single terms 



[cf. Eq. (3J3)]. Note that the Chu-Vandermonde or Karlsson summation formulas are needed 
for the last summation of 11 doubly stretched cases of triple sum expressions ( |3.1a| )-( |3.1e[ ), 
e.g., in (|3.1a|) for k = g + h = b — d, or in Q3.1d|) for g = e + f = k — h. 

For the diverging adjacent stretched triangles, e.g., with e = b — a = g — k, summation 
parameters in ( |4.4c| ) are dependent and the doubly stretched q-9j coefficients may be ex- 
pressed as single sums with the alternating terms [cf. Eq. (32.18) of Ref. |3|, when using Eq. 
( p. lap for c — f — d = a — h an equivalent formula may be written directly. Again, for the 
merging adjacent stretched triangles, e.g., with g = h + k = e + f , the doubly stretched q-9j 
coefficients may be expressed as single sums with the fixed sign of all terms [cf. Eq. (32.20) 
of Ref. |3| by means of formula ( |4.4b| ) [as well as for b — d+k — a + e by means of Eq. ( |3.1ej ) , 
in contrast with the remaining formulas of this paper]. These single sums in the both cases 
are related to the generic 4-F 3 [- • •; q, x] series. 

The q-9j coefficients with the both stretched triangles appearing in the different layers, 
or rows of the g-9j-symbol are related to generic 3F 2 [- ■ -;q,x} series. In the case of two 
parallel stretched triangles [e.g., for h = a + c in fl4.3a|) or (|4.4b|) 1 they are proportional [cf. 
Eq. (32.15a) of Ref. |] to the CG coefficients of u q {2) (see Refs. [^g5],g6p, with appearing 
two different types of expressions. Otherwise, special q-9j coefficients with two antiparallel 
stretched triangles may be expressed in four different forms [see ( 4.3b ) for a = c+h, or ( 1.3c ) 
for b = d + k as generalizations of Eqs. (32.17a) and (32.17) of Ref. |3], as well as Eq. ( |3.1c|) 
for h = a + c and b = d + k, or Eq. ( ^.le[ ) for b = d + k and g — e + /] and correspond to the 
CG coefficients of u q (l, 1), with the expressions including either the alternating terms [with 
diverse distribution of summation parameter signs in two numerator g-factorial arguments, 
in analogy with CG coefficients of u q (2)], or the fixed sign terms (with one or three numerator 
g-factorial arguments). Note, that expressions for the triply stretched q-9j coefficients with 
the three mutually antiparallel stretched triangles [e.g., ( |4.3a| ) or ( |4.4c| ) for a = c + h and 
d = b + k] are not summable. 

Expression related to (E^ID rnay be derived [in contrast with the intermediate version of 
(14c)] also from expansionfJIl [cf. Ref. |4j] in the SU(2) case] of the q-9j coefficients in terms 
of the Clebsch-Gordan coefficients of u q (2) [cf. Eq. (3.12) of Ref. |3I| which in the stretched 
case with h = a + c (and with extreme CG coefficient for coupling a x c —>■ h in the r.h.s. 
equal to 1) may be written as follows: 
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h k g 


([2e + 


1][2/ + 


l][2h 
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l][2k 
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_h g-h g _ 


m 


a b 
a m — 


e 

a m 


g 


e 

m g 


f 9 
—m g 


q 


c d 
eg— m — c 



f 



X 



b d k 

m — a g—m — c g — h 



(**): 



(4.5) 



where 



[R cb ) 



Cm ~ a = a 2c ( m - a ) 
r m—n " 



is a diagonal extreme element of triangular braiding .R-matrix and all the CG coefficients 
with exception of the last one may be expressed without sum. It should be noted that only 
in special stretched case (|4.5| ) the summation over non-diagonal elements of i?-matrix may 
be escaped. 

Both expressions ( [4.4b| ) and ( |4.4c|) correspond to g-generalizations of the Kampe de 
Feriet@ function F^f, which is defined as follows: 



± F A:B 
r C:D 



(c) • (d) ' {d') ' ,V,q 

oo ttA , i \ t~tB 



s.t 



with special parameters 



-q- 



(4.6) 



x = q 



p+i 



A B C D 

p = E a i + E h i - E c i - E d v 

j=l j=l j=l j=l 

A B C D 



j= i j= i j= i j= i 

5 = Sac 



for A + B = C + D + 1 and \A — C\ < 1. Of course, series ( f4.6| ) turn into usual Kampe de 
Feriet function Fq';^[- ■ ■; 1, 1] for q — 1. Unfortunately, the standard definition0'0 



$A:B 



(7) ' {S) ' (5') ' ,y,q 



(4.7) 



(cf. Refs. |16|,|T7D in terms of the asymmetric (/-factorials!^ 
(a; q) n = (1 - a)(l - aq) ■ ■ ■ (1 - ag n_1 ) 
derived after substitution 



n = 1,2,..., 



9 - 9 1/2 , [n]! - (g; g)n(g- 1/2 - q^q-<^l\ 
(a\q) n - (g a ; g) n (g" 1/2 - g V2)-« g -n(2a + „-i)/4 ; 



(4.8) 
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may be not convenient in the double sums that appear in ( |4.4b|) and ( [4.4c ), since arguments 
x and y do not turn into q both together, but turn either into q and q~ p or into q~ p and q, 
respectively. 

Furthermore, the q = 1 versions of Eqs. ( 4.3a )— ( 4.3d. ) correspond to the Kampe de 
FerietS functions i^f or [after reversing the order of summations, associated with spoiling 
some natural restrictions for both summation parameters in (|4.3b|) - (|4.3d )1 to F^f (cf. Refs. 
|To] , |TT| ). Otherwise, in the generic q ^ 1 case they can be expressed in terms of our ( |4.6[ ) 
as ~Fq!$[- ■ -;x,y,q] or + i ? ° : 1 3 [- ■ -;x,y;q], but only + F^:^[- ■ -;x,y,q] is equivalent to some 
• -;q,q;q] and for ~F^':^[- ■ ■;x ) y,q] with A / C the factors q mn , spoiling standard 
definition of functions, cannot be eliminated in the new expansion [cf. Eq. (9) of Ref. 



|16| , unless transition q — > q is performed preliminary. 

Special rearrangement and summation formulas of the double g-factorial series and re- 
lated Kampe de Feriet@ functions are given in Appendix C. 



V. EXPRESSIONS FOR 12j COEFFICIENTS OF THE SECOND KIND OF SU(2) 

AND u g (2) 

A. Generic properties 



The 3m' coefficients of the second kindErca {n > 4) whose graphs are planar [hence without 
braiding)^ in contrast with the 3nj coefficients of the first kind (n > 3) whose graphs are 
possible only on the Mobius strip] usually are expanded!!!'! in terms of the factorized n 
different 6j coefficients, 



Jl 32 

h h 
h k 2 



x 



Jn 



k 2 32 h 



E 

X 



(2x + l)(-l) Rn+nx 



h ^2 x 



Jn— 1 k n —\ X 
kn jn l-n—1 



jn k n X 
h jl l n 



(5.1) 



where 



R n = y^Ui + k i + h), 



i=l 

and the triangular conditions are satisfied by the triplets of the nearest neighbors as h,ji, jj+i, 
or l h ki,ki+i (i = 1,2, ...,n- 1), or l n ,j n ,ji, or k,k n ,ki, respectively. 

The Ylj coefficients of the second kind, which may be extracted from the recoupling 
coefficients of the five irreps without braiding,^ hence, with the cubic graph! 
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(5.2) 



were introduced by Elliott and FlowerS and redefined by Vanagas and Ciplys.0 These 12 j 
coefficients and their (/-generalizations satisfy 24 symmetries,@ll0 generated by the following 
substitutions: 



3l 32 33 3i 

^i h h h 
ki k 2 k 3 k A 



J2— 33+34+kl— fe— k3+k4 



Ji h j 2 h 

h h h h 
J3 h ji k 4 



3i J3 32 Ji 

U h h h 

k A k 3 k 2 ki 

k^ k 2 k 3 ki 

h h h h 

ji J2 jz jl 



h h h h 

k\ k 2 k 3 ki 

Ji 32 h U 

jl J2 33 ji 

h h h h 

k 3 ki ki k 2 



J q 



(5.3a) 



(5.3b) 



(5.3c) 



J q 



Eight triangular conditions may be visualizedll by means of the extended array 

ji 32 h 3i 
h h h h 
h k 2 k 3 k A 

h 33 

h h 

and are satisfied by the triplets of parameters in the first and fourth columns, as well as 
by the skew triplets descending from some parameter of the first or fourth column, e.g., by 
h,k 2 ,j 3 , or by ji,h,h- 

Let's restrict ourselves to the following rearrangements of the q-6j coefficients in 
expressions!'!J10 for the q-12j coefficients of the second kind: 



Ji 32 33 3i 
h h h h 
h k 2 k 3 k 4 



J q 



x 



k 3 fc 4 x 
h 3i h 



h ji h 

33 h x 



h 32 h 
ji h x 



k\ k 2 x 
ji 32 h 



(5.4a) 
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xh—h—h+U 



fcl 

h 



X 



33 

h 



x Jl 

h k 4 



k 3 fc 4 

34 32 



3i 
k-2 

ki 
3i 



h 

x 

x 
h 



A-2 

32 



(5.4b) 



■1) 



5>r + l]) 



h 

33 



X 



k 3 fc 4 

33 jl 



3i 



32 
/.'; 



3i 



/i 

X 
X 



A-2 

J2 



(5.4c) 



■1) 



h — h— h+U 



5>*+i] 



J3 
fcl 



X 



A-3 

j3 



3? /t/4 
*2 jl 



34 

h 



X 

h 



32 

A'i 



X 

h 

h 

X 



3i 
k 2 

32 

A-2 



fcl 

J4 



(') 



(5.4d) 



with the asymmetric triangle coefficients depending on the summation parameter x dis- 
tributed separately in the numerators or denominators of each q-Gj coefficient in expansion 
( |5.4a| ), the mixed distribution of asymmetric triangle coefficients in the numerators and de- 
nominators of q-Gj coefficients in expansions Q5.4b|) and (|5.4c| ), and resembling ( |2.11b| ) dis- 
tribution in ( 5.4d|) . Using expression ( 2.1b ) for q-Gj coefficients with summation parameter 
x in the right lower position, Eq. (|2.1a ) with inverted summation parameter for q-Gj coeffi- 
cients with x in the middle column, and Eq. ( |2.1a| ) in the remaining cases, with exception 
of Eq. ( j2.2a|) , used for the last q-Gj coefficient in (|5.4d ), the asymmetric triangle coefficients 
depending on the summation parameters cancel. Then we may use the summation formula 
(|A4aj) for expansion (|5.4aj) and formula^ (|A4b|) for expansions (|5.4b|)-([5.4d[). 



B. General expressions with fourfold sums 

This way we derived four different expressions for the q-Vlj coefficients of the second 
kind, 



3i 


32 


33 


3-i 


h 


h 


h 


h 


fci 


k-2 


h 


A'i 



1 y 2 -i 3+fel -fe 3 -. 7 - 3 +.,4 V [ fc 3jJ2]V[j3fc4^]V[fclj2^]Vb'4fc2^] 

V [fcij'i/i] V [j 3 k 2 h] V [k 3j2 l 4 } V [74*4*4] 
V-> (-l)'i+' 2+z 3+'*[fc 2 + j3 + z 1 ]\[k 1 + 3l -h + Zl ]\ 

zi ^ z4 [zM^mwwi + k 2 - j 3 - ziPb'i +ii - fci - 

[2*i - + k-h + z 2 ]\[l 2 - j 3 + A: 4 + z 2 }\ 

[31 -h + h- z 2 ]\[j 3 + fc 4 - * 2 - z 2 ]\[2l 2 + z 2 + 1]\ 

[j 4 + h - h + z 3 }\[] 2 + k 3 -U + z 3 }\[2U - z 3 }\ 

[fc 4 + k- 34 ~ z 3 }\[] 2 - fc 3 + h ~ z 3 ]\[h + j 2 -l 3 - z 4 ]\[2l 3 + 24 + I]! 

[j2 + *3 - fcl + Z 4 }\[k 2 + *3 ~ J4 + Z 4 }\ 

[fe -h + 34 ~ Zi\\[kl + k 3 + j 3 + j 4 - *i - l 4 + Z\ + Z 3 + 1]! 
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[fa + fa + k + k ~ k ~ h - z 2 - gjj 

[fa + l 2 - k - k 3 + z 1 + z 2 \\[h - h+ k - k + zi + z 4 \\ 

[*2 + / 3 - ^1 ~ ^4 + ^1 + ^2 + ^3 + g4|! x 

- h - k + k + z 2 + z 3 ]\[k 3 - fa + l 3 - U + z 3 + z 4 ]\ 

, lVl - j3 - fcl+fc2 -; 1 -; 2 -; 3+U VL73M2jV[W 

VtfcijiZilV^fcaZilVtfcajiZalV^fcaZs] 
v- (-l) Z2+Zs+Z4 [k 2 + J 3 -h + z 1 ]\[fa+ Jl -h + Zl ]\ 

X N ! N WM![Zi + fa- k - am + h — fa- Zl ]\ 

x [2h - Zl ]\[2l 2 - z 2 ]\[ 3l - l 2 + k 3 + z 2 ]\ 

X [k + k ~fa- Z2]\{ji +h-k 3 - z 2 \\[l 2 + j 3 + fa-z 2 + 1]! 

[k ~ fa + h + z 3 ]\[fa + l 4 ~ k + ^3]! 



x 



X 



X 



[j 4 + fa-U- z 3 ]\[ j2 + k 3 -U- z 3 ]\[2U + z 3 + l}\[fa - j 2 + l 3 - z 4 }\ 

[2l 3 - z 4 ]\[k 2 -l 3 +j 4 + z 4 ]\ 

[k 2 + h- 34 ~ z 4 }\[fa + j 2 + l 3 -z 4 + l]\[fa + k 3 -h-l 2 + Zl + z 2 \\ 

b~3 + k + l 2 -k- z 2 - z 3 ]\[fa + k 3 + l 3 -l 4 - z 3 - z 4 ]\ 
[fa -k 3 + j 3 ~ k ~ h + h + zi + z 3 ]\[j 3 + k ~h- h + Zi + z 4 \\ 
x [k ~ k + fa ~ fa + k + h - z 2 - z 4 ]\ 
[h + I2 + I3 — I4 — z\- z 2 - z 3 - z 4 \ ! 

, 1 xife 1 -fc 2 +t 1 -f 2 +f 3+ i 4 -. 7 - 2 +. 7 - 4 V[fc3jl^2]Vb'3fc4/2]Vb'4M4]V[fclj2^3] 

^[fajlh^sfahMfakk^ifak} 

v (-1) 22+Z3+Z4 b'3 + fa-h + Zl ]\[ 3l + fa-h + Zl ]\ 
^ [ Zl \\[z 2 \\[z 3 \\[z 4 \\[h + k 2 - j 3 - ^]!b'i -fa + h- Zl \\ 

[2/i - *i]!bi + h~k 3 + z 2 ]\[l 2 - k + k 4 + z 2 }\ 

[ji - k + fa - z 2 }\[j 3 + fa-l 2 - z 2 ]\[2l 2 + z 2 + l]![j 4 -fa + h- z 3 }\ 

[2l 4 -z 3 ]\[j 2 -l 4 + k 3 + z 3 }\ 

b'2 - fa + l 4 - z 3 ]\[j 4 + k 4 + l 4 - z 3 + l]\[fa - k + h- z 4 ]\ 

[2/3 ~z 4 ]\[k 2 -l 3 +j 4 + z 4 ]\ 

[k 2 + l 3 - 34 - z 4 ]\[fa + 32 + h-z 4 + l]\[fa -k 3 -h + l 2 + Zl + z 2 \\ 
b~3 + k - k + h ~ z 2 - z 3 }\[j 3 - k + fa + k 3 -l 2 + l 3 - z 2 - z 4 ]\ 
[k - k + fa + fa - h - U + z 1 + z 3 ]\[j 3 + k ~ h ~ k + zi + z 4 \\ 
x [fa- k 3 + l 3 + l 4 - z 3 - z 4 ]\ 
[h - k + h + k - zi - z 2 - z 3 - z 4 \\ 

k 3 +k 4 -i 1+ i 2 +i,-i 4 - n -j S YjkM^t^MhM^Ylti^M 



x 

X 



X 



X 



X 



X 



-1) 



v[fakh]v[j 3 fai 2 Mk 3 j 2 i 4 ]v[j 4 k 2 i 3 ] 

:-i) 2i+z2+23 [2/i - z 1 ]\[ 3l +fa-h + Zl \\ 



. [zi]\[h - k 2 +j 3 - z 1 ]\[ Jl -fa + h- Zl ]\[h + k 2 +j 3 - Zl + 1]! 

z l ;-S2 ? 2 3 j*4 



[2h- z 2 ]\[fa+ ]3 -l 2 + z 2 }\ 

N'[^3 + k - k - z 2 ]\[k - k + fa- z 2 ]\[j 1 + l 2 + fa - z 2 + 1]! 
[2h- z 3 ]\[j 2 + k 3 -l 4 + z 3 }\ 



X 



[z 3 ]!N!b4 + U-fa- z 3 ]\[j 2 -k 3 + l 4 - z 3 }\[j 4 + fa + l 4 -z 3 + 1]! 
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X 



X 



X 



[2j 2 - z A }\[j 2 + H + fci - fc 2 - z i }\[j 2 + u + h + k 2 - Zj + 1}] 
[h + 32 - h~ Z4\\[k\ + 32 + h - z A + l]![j 2 + h - U + z 3 - z A \\ 
[k + Z 2 — fci + fc 3 — zi- z 2 ]\[j 3 + h ~ h ~ h + h + h - zi - z 3 ] 
[j2 - 33 + 34, + h-l 1 + z 1 - z A ]\[j 2 + j 3 + 34 - k 3 -l 2 + z 2 - z 4 ] 

[k + k-h+k ~ z 2 - z 3 }\ 

[k + k + k~h- 32 ~ z x - z 2 - z 3 + z A ]\ ' 



(5.5d) 



The numerator-denominator distribution of factorials, depending on the summation param- 
eters Zi, z 2 , z 3 , z^, is different in each expression (|5.5a|) -( |5.5cl| ). No single formula exhibites 
the full symmetry ( |5.3b| )-( |5.3c| ) of the g-12j-symbol, but ( |5.5a| ) is invariant with respect to 
the transition from the main notation to the left array of (|5.3cj ), as well as under transposi- 
tion 



3i 


32 


33 


n 




k 


k 


h 


k 






h 


h 


k 4 


1 



k 2 fc 4 k x k 3 
k k k k 
33 3i H 32 



(5.6) 



which, in turn, is a composition of symmetry relations ( |5.3b|) -( |5.3c|) . Expression ( 5.5b| ) is 
invariant with respect to the same symmetry (|5.6| ), but ( |5.5c|) and ( ^.5d|) do not satisfy 
any symmetry relations. Since all the sums in these expressions correspond to the balanced 
hypergeometric functions, the g-phases are also trivial.Ej 

All the terms in the first sum of ( |5.5b| ) and ( |5.5c| ) are of the same sign, as well as in 
the last sum of ( 5.5d|) . Each separate sum corresponds in these expressions to the finite 
balanced basic hypergeometric series 5-F 4 [g, 1] (|3.2|), which also appeared in the elementary 
overlap coefficients of the definite biortnogonaUoupled statesB of u q (3) and SU(3). The 
summation intervals are mainly restricted by 8 [in ( p.5a| )-( ^.5c| )], or 7 [in ( |5.5d[ )] triangle 
linear combinations of parameters, respectively. In addition to correspondence of numerator 
and denominator factorials, determined by Eq. ( A4a| ) or ( A4b|) , definite correlation between 
the factorials under summation signs reveals itself in four quintuplets of factorials of each ex- 
pression (|5.5a|) - (|5.5d|) , depending on the couples of adjacent summation parameters (zi and 
Zi + i, where i = 1, 2, 3, or z\ and 214), although their expansion using the Chu-Vandermonde 
formulas is not helpful for further rearrangement of the generic expressions. 



C. Stretched cases of the q-12j coefficients of the second kind 

Let us consider the stretched cases of q-12j coefficients. For definite stretched triangles 
some summation parameters in (|5.5a|) -( ^.5d ) are either fixed (31 times), or expressions are 



partially summable (in the 11 cases) by means of Minton's summation formulas ( |B3a| ) or 
( |B3b| ) (see Ref. ^6|). One of three remaining sums turns into balanced basic hypergeometric 
series 4-F3[l7, 1], the rearrangement^ of which enables us to transform a sF^q, 1] type series 
into 4^3^, 1] type series, with only the last one remaining of the 5-F 4 [g, 1] type. Particularly, 
for 3 1 + l\ = k\ with z\ = 0, the sum over z 2 in expression ( |5.5aD corresponds to a q-Gj 
coefficient, which may be reexpressed in such a form (using Regge symmetry and change 
of the summation parameter) that the sum over z 3 also corresponds to a q-6j coefficient. 
Hence, we obtain 
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Jl 

h 
31+ h 



32 33 H 
h h h 
k 2 k 3 k 4 



■l) h + h - k3 V[k x j 2 h]V\j±k 2 h 



1/2 



*1 



vijthhMhjshMhM vUihkMhhh] \ [2k x + 1]! 
v- (-i) zl+Z3 h - h + h + zj^ji + h + h-h 

^ [zi]\ [za] ! [z 4 ] ! [Z 2 + 33 ~h- Zl ] ! [j 3 - - Z x + h + z 4 - z ± ] ! 
[2j 3 - ^i]![j4 + fc 4 - h + z 3 }\[j 2 + k 3 -U + z 3 ]\[2l 4 - z 3 }\ 

[j2 - fa + h - Z 3 ]\[k 3 + ji + J 3 + J 4 - Z 4 - 2i + z 3 + 1]! 

[j2 + Z 3 ~ fei + z A ]\ [k 2 + h- u + gfjj 

[A; 4 + Zi - Z 3 + Z 4 - j 3 + ^ - z 3 - z 4 ]\[fa - h + l 3 - U + z 3 + z 4 ] 

[fci + k 3 + k 4 + u -h- + 

[h + 32 - h ~ z 4 }\[k 2 -l 3 + j 4 - z 4 ]\[2l 3 + zt + l]V 



x 



(5.7) 



which is the composition of two balanced 4 F 3 [g, 1] series and the third balanced 5 F 4 [g, 1] 
series. 

After the summation over z 3 of the balanced 3.F2 [q, 1] series is carried out [see Eqs. 
( |B2a| ) and ( |B2b| )] in this doubly stretched case of q-l2j coefficient with ki = j\ + Zi and 
Z3 = k\ + j 2 [i-e., for adjacent consecutive stretched triangles in graph (|5.2| )1, we recognize 
some q-6j coefficients, which may also be obtained using the symmetries ( |5.3b| )-( |5.3c| ) and 
the defining relations (|5.4a|) - (|5.4d|) of the q-l2j coefficients. In this way, we derive following 
the relation: 

jl 32 33 34 

h Z 2 h+j 2 l 4 
ji + Zi k 2 k 3 k 4 



(_l)ji+i 2 -fc 3 +j4+fc4+i4 y[Z 3 j 4 fc 2 ] V[ji+j2, Z 2 , Z 4 ] ( [2Zi]![2j'i]![2j 
V \jihfa] V [j 2 fal 4 ] V [hk 2j3 ] V b'i +32 , 33 , 34 
31+32 Z 4 Z 2 
h 33 34, 



[2Zci + l][2Z 3 + l]! 



1/2 



x 



(5.8) 



In the doubly stretched case of the q-12j coefficient for ji = fa — l\ = l 2 — k 3 [i.e., when 
the adjacent stretched triangles in graph fl5.2p are diverging], we obtain from Eq. ( |5.5a| ) or 
( |5.5c| ), and from Eq. ( |5.5b| ) with fixed Z\ = z 2 = 0, two different double sum expressions, 
each depending on 10 parameters and corresponding to the (/-generalizations of the Kampe 
de Feriet§ function F^, defined as ( |4.6|) . Each separate sum corresponds to the balanced 
basic hypergeometric sF 4 [q, 1] series. Again, we may identify the couples of quintuplets of 
factorials under summation signs in the numerator and denominator, each depending on the 
summation parameters z 3 and z 4 . 

Otherwise, in the case of the merging adjacent stretched triangles (e.g., for fa = j\ + l\ = 
32 + Z3), the straightforwardly derived expressions include the triple sums; in particular 
all three sums in ( |5.8| ) correspond to the balanced basic hypergeometric 4 F 3 [q, 1] series. 
The 4 F 3 [q, lltype sum over z 4 may be rearranged in analogy with expressions for the q-6j 
coefficientsllil into another form (cf. Ref. |36|) in a such way that the sum over z 3 turns 
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into summable balanced basic hypergeometric 3F 2 [q, 1] series. Hence we obtain the doubly 
stretched g- 1 2 j coefficient in terms of the double sum: 



3i 32 33 34 
k k fa-j 2 k 
jx+k fa fa fa 



-1) 



v [h faj 4 ] v [h k fa] v [hj 3 k] v [j 2 fah]v [hfaj 3 ] 

[k - 33 + fa + z]\[k + fa- j 3 + z]\\j x + j 3 + fa-fa 



X 



E 



X 



x 



z]\[k + 33 -fa- z]\[k 2 - k+ 33 ~ z]\[k 3 + fa- j x - j 3 + z] 
[2j 3 - z]\(-iy +u [ j4 -fa + k + u]\[j 4 + k-k 2 + u]\ 



u]\[fa -j 4 + k- u]\[k 3 
[fa + fa + j 2 - j 4 ■ 



■fa-j 2 + j 4 + u]\[2j 4 + u + l]\ 
u]\[fa + l 3 +j 4 + u + l]\ 



(5.9) 



b'i + 32 + 33 - ji - z - u}\[k + h - h + H + z + u + 1]! ' 

which again depends on 10 parameters and corresponds to the g-generalization of the Kampe 
de FerietS function F^ 3 , with each separate sum corresponding to the balanced basic hy- 
pergeometric 5^4^,1] series. Perhaps this expression is related to the above mentioned 
special case of ( |5.5a| ) with fixed z x = z 2 = and the adjacent diverging stretched triangles 
of q-12j coefficient with respect to some composition of the usual and "mirror reflection" 
(j —y — j — 1) symmetries. Hi 

In the doubly stretched case of the g- 1 2 j coefficient with ki = j x + k and j 4 = k 4 + k 
[i.e., for antipode stretched triangles of graph (|5.2|) ], we derive from Eq. ( |5.7|) , with fixed 
z 3 = and z 4 = k — l 3 — j 3 + j 4 + z x , an expression with a single sum, which corresponds 
to the balanced basic hypergeometric eF 5 [q, 1] series and depends on 10 parameters: 

32 33 k + fa 



3i 

k k k 
j 1 +k fa k 3 

(-1) 



k 
k 4 

ji+h—ks 



V [faj 2 l 3 ]V\j 4 k 2 l 3 ] ( [2l x ] ! [2j x \ ! [2l 4 ] ! [2 fa] ! 



yijihfaMk^kMhk^Mhfajs] V [2fc! + l]![2j 4 + 1]! 

[k ~ 33 + fa + z x ]\\j 4 - j 3 + j 2 - j X + Zl ]\ 



1/2 
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x 



[21] ! [k +33-fa-z 1 ]\ [ji + j 2 + j 3 -ji-zi]\ 
[k + fa-j 3 + z 1 ]\[2j 3 -z l ]\ 



x 



[fa + 33 -h- z x ]\[fa + fa- ji - j 3 
[3i + 33 + k 3 -fa- z x ]\ 



z x ]\ 



[k -h- 33 + J4 + Zl]\[h +h~ 33 + 34 + Z X + 1]! ' ^' 10 ^ 

In the doubly stretched case with fa = j x + l x and k 4 = j 4 + k (again for antipode stretched 
triangles) from ( |5.5cj ), after the summation over z 2 of the balanced 3 F 2 [q,l] series (see 
Appendix B), we obtain 

ji 32 33 J4 
l x l 2 k k 
j x +h k 2 fa ji+kj^ 
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Vb'i^^V^^jV^^^V^A;^] V [2fc! + l]![2fc 4 + 1]! 
'-l)* 4 [j 2 + Z 3 - A;i + z 4 ]\[k! + k 2 - j 2 + j 4 - z 4 }\ 
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N ! [fci - J2 + Z3 - 24] ! [fo + J2 - A;i - j 4 + 24] 
- h + j 2 + z 4 ] ! [j 3 - J4 + h - h + 24] ! 



X 



b'l - J2 + J3 + J4 - ^4]! [k - ?2 - jl + 32 + Z 4 }\ 

L72 + fc 3 + *4 + Z4 + l]! 

[2j2 + Z 4 + l]![/ 2 + Z 4 - ji + J 2 + Z 4 + 1}\' 



(5.11) 



Again the summation corresponds to the balanced [9, 1] series and depends on 10 param- 
eters. Both expressions (|5.10|) and Q5.ll ) satisfy some Regge type symmetry relations. 

Consider also the doubly stretched cases of q-l2j coefficients, the case of the remote 
stretched triangles of graph (|5.2p with touching angular momenta forming 4-cycles (quad- 
rangles). There are four possible different distributions of the summarized angular momenta 
of the stretched triangles: both these momenta may be in the same 4-cycle, either (a) ad- 
jacent, (b) antiparallel, (c) the first one may be inside and the second one outside of the 
4-cycle, or (d) both these momenta may be outside of the 4-cycle. For q-l2j coefficients of 
the "adjacent" (a) type, e.g., with k\ = j\ + l\ and l 3 = k 2 + j 4 , we derive from Eq. 
the relation 



Jl 32 J3 Ji 

h k h+j 4 l 4 
J1 + /1 k 2 k 3 k 4 



-l) 3l+,2 - t3 V[I 3 j 2 fci] 



V[j'i/ 2 A;3]V[A;4j3/2]V[A;3j 2 / 4 ]V[j 4 fc 4 /4]V[/ 1 A; 2 j3] V + l]\[2l 3 + 1]! 
-l) Zl+Z3 [h - ja + h + *i] ! [71 + ja + h-k 4 - Zl \ ! 



1/2 



E 



^1,23 



[Z1W2+ k ~h- zi]\[j3 + k 2 -l x - z x ] 
[2j 3 - Z!]\[2U - z 3 ]\[j 4 + k 4 -l 4 + z 3 }\ 



N'[j2 -k 3 + l 4 - z 3 ]\[k 4 + h - h + h - ja + z z\\ 

[j2 + h-l 4 + Z 3 }\ 

[k 3 - fci + h - U + z 3 )\[k 3 + ji + j 3 + j 4 - l 4 - zi + z 3 + 1]! 



(5.12) 



The double sum depends on 9 (from 10 free) parameters and corresponds to the q- 
generalization of the Kampe de FerietS function i^.f, defined as (|4.6|) with b\ + b[ = ci, 
and each separate sum corresponding to the balanced 4 F 3 [q, 1] or 4 3 series. Different (i.e. 
not equivalent) expressions of the (a) type appear also for k 3 = j x + l 2 and j 2 = k\ + l 3 
from Eq. (|5.5b|) and for j 3 — l\ + k 2 and k 4 = j 4 + l 4 from Eq. (|5.5c ). Furthermore, the 
doubly stretched q-Y2j coefficients of the "antiparallel" (b) type, with k\ = j\ + l\ and 
k 3 = j 2 + U, expressions ( [5.5a]) , (|5.5cj) , and (|5.5d|) (with fixed parameters Z\ and z 3 ) also 
turn into (mutually different) double sums, again depending on 9 (from 10 free) parameters 
and related to the F^'f type functions. This is also the case for expression ( |5.5b|) (with fixed 
z\ = z 3 = 0) for the doubly stretched q-12j coefficients of the "inside-outside" (c) type, 
with k\ = ji + l\ and l 4 = j 2 + k 3 ([or, expression (|5.5c|) with l 2 = j\ + k 3 and j 2 — k\ + l 3 ). 
Finally, expression fl5.5a|) with fixed z 2 = z 4 = and l 2 = j\ + k 3 and l 3 = k\ + j 2 again 
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1:3 



turns into the double sums depending on 9 (from 10 free) parameters and related to the Fj. 2 
type function for the doubly stretched g- 1 2 j coefficients with the both summarized angular 
momenta of the "outside" (d) type. These 8 independent expressions should be related to 
( |5.12j ) by means of some compositions of the usual and "mirror reflection" (j — > — j — 1) 
symmetries.i'i Otherwise, many special versions of ( |5.5aj )-( |5.5d| ) with fixed Zi = Zj+i = 
(i = 1, 2, 3) or z\ = Z4 = give expressions for the doubly stretched q-12j coefficients 
with remote stretched triangles in terms of the double sums, related to compositions of the 
balanced 4F3 [q, 1] and ^F^q, 1] series. 

Equation ( |5.5b[ ) also turns into a single term for Z x + l 2 + I3 — U = (when the all 
summation parameters are fixed), 



Jl 32 J3 J4 

^1 h h ^1 + ^2 + ^3 
ki k 2 k 3 k 4 



J q 



[2Zi]![2Z 2 ]![2Z 3 ]!V[Z 4 fc3j2]V[Z4j4fc4 



[2i 4 + ly.vihjth] v[hhj 3 ] vikjth] vikjshMkhhMi^h] ' 



(5.13) 



For this special q-12j coefficient [as well as in (|5.5c| ) for l\ — l 2 + I3 + h = and in (|5.5d|) 
for l\ + l 2 — l 3 + I4 = 0] , four linearly dependent angular momenta appear as disconnected 
in certain positions on a Hamilton line of graph (|5.2p . Actually, the single term expression 



of this virtually stretched case appears in accordance with symmetries ( |5.3b| )-( |5.3cj ) from 
expansion ( |5.4a|) with j 1 + j 2 - j 3 + j A = and fixed x = j 3 - ji = j 2 + 3 a. 



VI. EXPRESSIONS FOR 12j COEFFICIENTS OF THE FIRST KIND 

A. Generic properties 

Next we consider the rearrangement of expressions for the q-12j coefficients of the first 
kind!!!! whose graphs are not planar: 




(6.1) 



(include some braidingpil) . These coefficients satisfy 16 symmetries, generated by the fol- 
lowing substitutions: 
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ji h h k ) [ h h H h 

h k h k > = < k h k h } (6.2a) 
fci k 2 k 3 k 4 I I k 2 k 3 k 4 ji 



<-i 



h H k 32 

k h h h } ■ (6.2b) 

ji h k 3 k 2 

There expressioni'H'0 in terms of the factorized four differently rearranged q-6j coefficients 



is 



Jl J2 J3 J4 

h k h k 
k\ k 2 k 3 k 4 



^^(2X + 1)(— l) R4 ~ X q X ^ X+1 ^ + Z n323334. +Z klk 2 k 3 k 4 



1 k 2 ki x \ q [ k 2 j 2 l 2 ) q [ki k 3 x } q { fc 4 J 4 k ) q 



J2( 2x + i)(-i) IU ~ x <f (x 



+i)+ •2 ''31323334,+ Zk 1 k 2 k 3 k i 



[ ft 2 fti X J ^ J 3 i 2 K3 J g [ ft 4 J4 '3 J g [ ft 4 '4 J4 J g 

where the triangular conditions are to be satisfied by all the triplets of the nearest neighbors 
such as or l iy ki, k i+ i {i = 1, 2, 3), or U,ji, k±, or / 4 , k±,j^, respectively. 

After using ( 2.1b|) for the q-6j coefficients with the summation parameter x in the right 



lower position, Eq. ( |2.1a| ) with inverted summation parameter for the q-6j coefficients with 
x in the middle column, and ( 2.1a ) directly in the remaining cases, the depending on the 



summation parameter x asymmetric triangle coefficients [distributed separately in the nu- 
merators or denominators of each q-6j coefficient in expansions ( |6.3a| ) and ( |6.3b| )1 cancel, 
with the exception of the factors 

Vb'ifcix] [ji-h + x)\ 



V[kijxx\ [h-ji + x]\ 

Then, the sums over x correspond to the g-generalization of the very well-poised classical 
hypergeometric 6 F 5 (— 1) series (resembling the basic hypergeometric 7(^6 series) and may be 
rearranged into the 3 (p 2 or 3 F 2 [q, x] type series using the following two formulas: 

(_ l) W +j+y q+i) + 1] [j - Pl -i]\ [j - P2 -l}\ [j -p 3 -l}\ 
Y [Pi +J + l]![p 2 + J + l]![p 3 +J + 1]![P4 - JV-\P4 +J + iy.\ps - il'bs + J + 1]! 

^-(p 4 +l)(p 5 + l)-P2(P4+P5 + l)[_p 1 — p 3 — 2]! 



[p 1 +P4 + l]![P2+P5 + l]![P3+P4 + l]! 

^ [u]![-pi -p 3 - 2 - u]![pa +P4 + 1 - u]\\p 4 + p 5 + 1 - ull 
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with parameters 



Pi = h - jx - 1, p 4 = ji + k 2 -li + z 1 , p 5 = j 3 + k 4 -l 3 + z 3 , 
P2 = k-k 2 - h + z 2 -l, p 3 = k ~ h - k 4 + z 4 - 1; 

g jg+D[2j + l][j- Pl - l}\[j-p 2 ~ 1}\[J-P3 ~ 1}\[J-P 5 ~ 1]! 

Y [Pi + + ife + J + 1]![?3 + J + 1]![P4 - J']![P4 + J + l]![p 5 + 3 + 1]! 

= -( P 4+1)(P5+1)-P2(P4+P5 + 1) ["Pi ~ P3 ~ 2]![~P2 ~ P5 ~ 2]! 

[ Pl +p 4 + l]![p 3 +P4+l]! 

x y (-l)V^+^ +1 )[p 4 -p 3 - 1 ~ U]\[p 4 - gi - 1 - tt]! ^ 

„ M ! [P4 + + 1 - w] ! [P2 + Pi + 1 - w] ! [—Pi -p 3 -2-u]\ 

with parameters 

Pi = h - ji - 1, p 2 = J3 - - z 2 - 1, = ji ~ h - z 4 - 1, 
= ji + A; 2 - Zi + zi, P5 = h~ 33 - h + z 3 -l. 

Equation (|6.4a|) corresponds to (5.5) Jpr (5.6), when q = 1] of Ref. [34], with the r.h.s. re- 
placed using lesssymmetric expression!'@ instead of the most symmetric (Van der Waerden) 
expressionliriiic3'EiS for the Clebsch-Gordan coefficients of SU(2) and u q {2) (cf. also Refs. 
35| , ^l|) , when (|6.4b|) is derived from (|6.4a| ) using the analytical continuation technique. 



B. General expressions with five sums 



Substituting the summation parameter u, which appeared after using ( 6.4a|) and ( |6.4b|) 



in (|6.3a|) and (|6.3b|) , by u + zi, we obtain the following expressions for the q-12j coefficients 



of the first kind: 



3\ 32 33 3i 

h h h h 
k\ k 2 k 3 k 4 



, 1 x fcl+fc2 - fc 3-j 2+i 3 + , 4 - U V[j3j2/ 2 ]V[fe 2 /i:3Z2]V[felj4Z4]V[fc4jl/4] 



xq 



-(jl+k2-h+l)(k4-l3+h-k2)-(l2-k2-j3~l)U3+k4-l3)+Zj 1 j 2 j3i4 +Zk 1 k 2 h 3 k 4 



X 



X 



V (-l) 23+24+ "b'i +32 -h + gij![2ji - Zl ]\ 

zu^,u N -h + h- Zl ]\[h - 31 + 32 ~ z x \\ 

q -z 2 (j 1+ j,+k 2+ k 4 -h-h + z 3+ l)^ 2 + j2 _ j3 + Z2 yy 2 + ks _ k2 + ^jj 

[32 +33 -k- z 2 ]\[k 2 + k 3 -l 2 - z 2 ]\[2l 2 + z 2 + l]![2/ 4 + z 4 + 1]! 

[k 3 + h-l 3 + z 3 }\[j 3 + j 4 - l 3 + z 3 }\[2l 3 - z 3 }\ 
[k 3 + l 3 -h- z 3 )\[l 3 - j 3 + j 4 - z 3 ]\[ki + j 4 -h- z 4 ]\ 

q z 3 (h-i2-n+j 3 )[j^ + / 4 _ kl + z ^ 3l + / 4 _ fc 4 + Za ]\ 

[l 2 — l 3 — k 2 + k 4 + z 2 + z 3 ] ! [ji - ki + k 2 - k 4 - l x + Z 4 + z\ + 24] ! 
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qu{ki -k 2 -l 3+ l 2+z2+z3) ^ + kl + k2 + ki _ ll _ li _ Zi _ u y 

[u + zi]\[j 1 + k 4 - h - zi - U - u]\\ji - j 3 - h + h + z 2 - u]\ 
[ji + j 3 + k 2 + h-l 1 -l 3 + z 3 -u + l}\ 

, lVl + i3+ j 4 +fc 2 -fc,-fc 4 +Z 2 -Z 3 +* ^^ 

X q(ji+k2-h+l)(l2+k 2 -h+k4+l)-(l2+k2-j3+l){j3+k4-l 3 +l)+Zj 1 j 2 j 3 j 4 +Z klk2k;ik4 
(-l) Z2+ ^ 4+u [ji + 32 -h + Z 1 )\[2l 1 - Zl }\ 



X 



E 



,,.,,,...,„ ^1] W[*s]![*i - tj +h - zi]\[h -ji+h - zi] 

n -z 2 {jl-j3+k2-k4-h+l3+Z3) [ 



X 



'[j2+j3-/ 2 + ^]! [2/ 2 -^ 2 ]! 

[l a + k 2 -h- z 2 )\[j 2 - j 3 + l 2 - z 2 )\[l 2 + k 2 + k 3 - z 2 + 1]\ 
q -z 3 {h+n-h-h)\ h -k 4 + l 3 + z 3 ]\[j, - j 3 + / 3 + z 3 ]\ 
[k 3 + k 4 -l 3 - z 3 ]\[j 3 + j 4 - h ~ z 3 ]\[2l 3 + z 3 + 1]! 

[2/ 4 - z A ]\[ji + h-l 4 + z 4 ]![fc 2 + h + l 2 -l 3 - z 2 - z 3 }\ 
[z A ]\{ki +U- j 4 - z 4 ]\[ji - h + k 2 + k A - k - l 4 + zi + z 4 ]\ 

[ki + I4 + j 4 - z 4 + l]\[u + z 1 ]\\j 1 - k 4 + l 4 - zi - z A - u]\ 

\ji + h + k 2 - k A - h + U ~ z 4 - u]\ (RSb) 

b'i + h -h-l 2 + z 2 - u}\[j 1 -j 3 + k 2 -ki-h + l 3 + z 3 -u}\' ' ' 



x 



Each of expressions (|6.5a ) and (|6.5b ) includes 5 summations, with four separate sums (over 



zi,z 2 ,z 3 , and z 4 ) corresponding to the finite (balanced in the first and last cases) basic 
hypergeometric series 4 3 or A F 3 [- ■ ■; q, 1] [cf. definition ( |3.2j) 1, and the fifth sum (over u + Z\) 
corresponding to the finite hypergeometric series 3 (j> 2 or 3 F 2 (1), related in the case of ( |6.5a|) to 
the Clebsch-Gordan coefficients of u q (2) or SU(2). However, it is impossible to rearrange all 
5 sums together into standard basic hypergeometric series p +i4> p - Some correlation between 
the factorials under the summation signs reveals itself in two quintuplets of factorials of 
each expression ( |o.5a| ) and (|6.5b|) , depending on the couples of summation parameters z 2 , z 3 
and 21,2:4. Definite correspondences may be observed in Eqs. (§3aJ) and ( |6.5b| ) between 
the g-phase structure and three particular factorial arguments, depending on the couples 
of summation parameters £2,-23, and u, respectively [as well as in q-9j coefficients ( fj. la] )— 
( P-le| ) between the g-phases and three factorial arguments, depending on the couples of 



summation parameters zi,z 2 , and 23]. The summation intervals in fl6.5a|) and ( |6.5b|) are 
mainly restricted by 8 triangle linear combinations of parameters, respectively, but in the 
stretched cases only (|6.5a|) for k A = Z 4 — ji and ( |6.5b|) for k A = l A + j 1 (with z 4 = u + z\ = 



in the both cases) turn into the triple sums. 



C. Stretched cases of the q-12j coefficients of the first kind 

When the total (maximal) angular momentum in a stretched triangle of the q-12j coeffi- 
cient of the first kind corresponds to a crossbar of the Mobius strip ( |6.1|) [in the middle row 
of standard array (|6.2a|) , e.g., for / 4 = fc 4 + ji], we obtain the following expression: 
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3l 32 J3 34 

h h h h+ji 
h k 2 k 3 k 4 

1 ] ^[j^hMhhhMjsuhMhhh] V [2/ 4 + 

X g-(il+fc2-h+l)(fc4-fc2+i2-i3)-(i2-fc2-i3-l)0'3+fe4-i:i)+-^jij2J3J4+'^fcl'=2 fc 3 fe 4 

■l) 2l+23 [ji + 32 -h + zi]\[k! + h-h + z x ]\[2h - Zl ]\ 



X 



E 



W!W!W![fci-*2 + (i-zi]![(i-Ji+j2-zi]! 

#1 5-2-3 



+ jg ~ h + ^]![^2 + h ~ k 2 + z 2 }\ 

X [32 + Js - k - z 2 \\[k 2 + h-l 2 - z 2 \\[2l 2 + z 2 + 1]! 

[k 3 + h-l 3 + z 3 ]\[j 3 + j 4 - h + z 3 ]![2Z 3 - 23]! 



X 



[&3 + ^ - fc 4 - Z 3 \\[l 3 - j 3 + j A - Z 3 ]\[j 1 - j 3 -h + l 2 + Z 1 + Z 2 }\ 

Z3{h-h-ji+i3)-Z2{i3+k2-h-h+h+Z3+l)-zi(l 2 -h-k2+k i +Z2+z 3 ) 



x g (6 6) 

P2 - ^3 - k 2 + £; 4 + 22 + z 3 ]\[j 3 + k 2 -l 1 -l 3 + h + z 1 + z 3 + l]V 

This special case of ( |6.5a| ) with 3 separate sums corresponds to the finite basic hypergeo- 
metric series 4 -F 3 [- ■ -;q,x]. Expression (|6.6|) does not simplify noticeably for two adjacent 
merging stretched triangles (with Z 4 = /c 4 + ji = k x + j 4 ) in the same q-6j coefficient of ex- 
pansion ( |6.3a| ), but one of the sums turns into a 3 F 2 [- ••; q, x] series for two adjacent diverging 
stretched triangles (e.g., with j\ — h~ k± — l\ —j 2 , or with j\ = l A — k A = j 2 — ji). The Chu- 
Vandermonde summation formula ( [Blcj ) may be used in Eq. ( |6.6| ) for ji = 0, 1% — j 2 , k A = / 4 
and for fc 4 = 0, I4 — ji, k 3 = l 3 . In these cases, the couples of the q-6j coefficients appear in 
accordance with Eq. (33.21) of Ref. |3], as well as the consequences of expansions ( |3.3a| )- (|6.3b| ) 
for fixed x. 

When the total angular momentum in a stretched triangle of the q-12j coefficient of the 
first kind is located along the Mobius strip (|6.1| ) (e.g., for fc 4 = Z 4 + ji), we obtain from 
( |6.5b|) , after change of summation parameter z 2 — > l 2 + k 2 — k 3 — z 2 , the following expression: 

3i 32 33 k 

h h h h 
k\ k 2 k 3 h+ji 

(_l) J 3+ J 4-^3^2 + fa-/C3 V [ j3j4 / 3 ] V [ fc4fc3/3 ] V [ fc2fc3 / 2 ] / [ 2jl ]![2/ 4 ]! \ 1/2 

^[hhh^^hh^mhMkkxH] \ [2k A + 1]\ J 

X qUi+k2~h+l)(k2+k4+l2-h+l)-(h+k2-j3+l)(j3~l3+k4+l)+Z J1 j 2 j 3 j 4 +Z klk2k3k4 

[3i+32 -h + zi]\[h + k 2 -h + z 1 ]\[2l 1 - z x ]\ 



X 



E 



, WWW^i -k 2 + k- ;,]![(, - ji + n - 

x (-l) Zl+Z2+Z3 [32 + 33 -k + Z 2 }\[21 2 - Z 2 \\ 

X [l 2 + k 2 -k 3 - z 2 \\\j 2 - j 3 + l 2 - z 2 \\[l 2 + k 2 + k 3 - z 2 + 1]! 

qZl {k2 + k i+ l2-h-Z2-Z3 + D{ h -k A + l 3 + Z 3 ]\\j A - j 3 + h + ^3]! 



X 



[k 3 + h-l 3 - z 3 ]\\j 3 + j 4 - l 3 - z 3 ]\[2l 3 + 23 + I]! 



^ q -Z2{k2-i3-h+h-U+Z3)-Z3{h+j3-h-l2) + fa + fa _ fa _ ^ _ ^] j ^ 

[ji + 33 -h-k + z 1 + z 2 \\[k 2 - j 3 - h + l 3 - U + zi + z 3 }\ 
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Expression ( |6.7|) does not simplify for two couples of adjacent diverging stretched triangles 
[with l 4 = k 4 —ji = ki—ji, or with l 4 = k 4 —j 4 = j 4 — ki, respectively, again in the same q-6j 
coefficient of expansion ( |6.3b| )1, but for l 4 = 0, k 4 = ji, j 4 = k\ (after substitution q — > q^ 1 ) 
it corresponds to the general expression ( 3.1a|) for the q-9j coefficients, in accordance with 



Eq. (33.20) of Ref. [5| The triple sums in ( |6.6| ) and ( |6.7| ) resemble expressions for the 
q-9j coefficients and definite correspondences may be observed between the g-phases and 
three factorial arguments, depending on the couples of summation parameters Z\,z 2 , and 
z 3 , respectively. Expansion of the present couples of the factorial quintuplets (depending on 
parameters Zi, Z2 and -22,-23, respectively) using the Chu-Vandermonde summation formulas 
enables one to perform the summation over z 2 and thus obtain expressions for the stretched 
q-V2j coefficients of the first kind as fourfold sums, related to compositions of 3 F 2 [- • •; q,x] 
series. 

Again, one of the sums in ( |6.7|) turns into a 3 F 2 [- ■ •; q, x] series for two adjacent diverging 
stretched triangles in two adjacent q-6j coefficients of expansion ( |6.3a| ) (e.g., with j\ — 



k 4 — l 4 = l\ — j 2 , or with ji = k 4 — l 4 — j 2 — h), as well as for two adjacent merging stretched 
triangles (e.g., with k 4 = l 4 + ji = k 3 + l 3 ). The possible rearrangement of the 3 F 2 [ • ■; q, x] 
series is not helpful for reducing the remaining aF 3 [- ■ -;q,x] series. 

The doubly stretched q-Ylj coefficients of the first kind with the adjacent consecutive 
stretched triangles may be expressed for fc 4 = Z 4 + ji and j 1 — l± + j 2 or Z 3 = k 3 + k± by 
means of ( |6.7D , as well as for Z 4 = fc 4 + j 1 and ji = l\+ j 2 or k^ = k 3 + 1 3 by means of ( |6.6D , 
as the double sums, related to the stretched q-9j coefficients, respectively, of the type (|3.1a|) 



or ( |3.1b|) (with some "reflected" parameters in the last cases). In this way we derive, for 



fc 4 = h + ji and ji = li + j 2 [comparing ( |6.7| ) and ( p. la] )], the following relation: 



h+32 h h J4 

h h h h 
h k 2 k 3 h+ji 

= (_i)is+i4-fs4^+ta-fagZ ilAl j3 i4 +z fclfca fc3fc 4 -z Iai ,, > , l4 i, J V[/i + / 4 , j 4 , k 2 



[2/ 1 + 2/ 4 ]![2j 1 + l] 



1/2 f k 4 k 3 l 3 

32 k h } ■ (0.S) 

h + h k 2 j 4 



Similarly, for k 4 = I4+ ji and l 3 = k 3 + k 4 we obtain 

jl 32 33 34, 

l\ I2 k 3 -\-k 4 l 4 
h h k 3 k+ji 



g 

_ 1 y 3 +H-u-i2-k2-j2+h v [l 3 j 3j4 ] 



V^Vbi+^js^i] 

x 1mm) |[ 2 i; 1: I (6 - 9) 

We remark that the doubly stretched g-12j coefficients of the first kind for l 4 = k 4 + j\ 
and l 2 = j 2 + j 3 or l 2 = k 2 + k 3 [expressed by means of Q6.6Q 1, as obtained from (|6.6| ), as 
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well as for k 4 = l 4 + ji and j 3 = 1% + j 2 or k 3 = l 2 + k 2 as obtained from ( |6.7| ), turn into 
double sums equivalent to compositions of 4 -F 3 [- • -;q,x] and 3 F 2 [- ■ -;q,x] series. However, 
although the 3^2 [• • •; q,x] series may be rearranged into other forms, these double sums are 
not equivalent to any composition of two generic 3 F 2 [- ■ •; q, x] series and, moreover, they are 
not related to any q-9j coefficient. Minton's summation formula ( |B3a| ) (see Ref. ^6]) may 
be helpful in the analogical position of the stretched triangles in (|6.6|) for l 4 = k 4 + j\ and 
J2 = k + J3 or k 3 = k 2 + l 2 , as well as in ( |6.7] ) for k 4 = k+ji and l 2 = k 2 + k 3 . Otherwise, the 
3 F 2 [ ■ -;q,x] series appearing in the triple sums, which remain in Eq. (|6.6|) for j 3 = j 2 + l 2 
or k 2 = l 2 + k 3 , and in Eq. flb.7| ) for j 2 = l 2 + j 3 or k 2 = l 2 + k 3 , may be rearranged, but it 
is more reasonable in such a case to use the different expansions of the type ( p.3a| )-( [6.3b| ) 



with inserted stretched q-6j coefficients and adapted [e.g., expansion ( |6.3b|) for / 4 = k 4 + ji 



and j 3 = j 2 + l 2 or expansion ( |6.3a| ) for k 4 = l 4 + ji and j 2 = l 2 + j 3 , with transposed the 



middle and the right columns of the third q-Gj coefficients in the both cases] for summation 
by means of ( \K^ or fl£3"l) . 

Furthermore, expression ( |6.6|) turns into double sums equivalent to compositions of two 
4 F 3 [• • •; q, x) series for the remote stretched triangles of graph ( |6.1| ) l 4 = k 4 +ji and j 3 = l 3 +j 4 
or k 2 = k\ + h (when two couples of the touching angular momenta form the 4-cycles, or 
quadrangles), as well as expression ( |6.7| ) for k 4 = l 4 + ji and l 3 = j 3 + j 4 or k 2 = ki + l x . 
Again, Minton's summation formula ( |B3a| ) may be used in ( |6.7|) for j 4 = j 3 + / 3 and the 
3 F 2 [- ■ -;q,x] series may be rearranged in the triple sums, which remain in Eq. (|6.6| ) for 
h = k\ + k 2 or Z 3 = j 3 + j 4 and in Eq. ( |6.7|) for j 3 = l 3 + j 4 or k\ = k% + 1±. Expansion (|6.3a|) 



with inserted stretched q-6j coefficients may be used for summation by means of ( |A1| ) for 
U = k 4 + ji and l± = k\ + k 2 , as well as expansion ( |6.3b| ) for summation by means of ( |A2| ) 



for fc 4 = / 4 + ji and k\ = k 2 + h, after in the both cases the middle and the right columns 
of the second q-6j coefficients are transposed. 

In general, the triply stretched cases of the q-12j coefficients of the first kind may always 
be expressed in terms of the double sums, applying some "mirror reflection" (j — > — j — 1) 
operations to the above mentioned expressions, or using the above mentioned rearrange- 
ments. In particular, the double sums (compositions of two 3 F 2 [- ■ -;q,x] series) related to 
the most generic Kampe de Feriet@ functions of the type F®;f (with 9 independent param- 
eters) appear instead of (|6^ ) in the triply stretched cases with fc 4 = l 4 + j 1 = k 3 + l 3 and 
h = 32 + h, or with j 1 = k 4 - Z 4 = j 2 - j x an d k 3 = k 2 + l 2 . 

Let us return to the generic expressions (|6.5a|) and (|6.5b|) . In both formulas, for j 2 = 



0, h = ji, h = J3, the summation parameters Zi,z 2 and u are fixed, the two remaining 
separate sums (over z 3 , z 4 ) correspond to the balanced 4 F 3 [q, 1] series, and the couples of 
the q-Gj coefficients appear straightforwardly, in accordance with the expansion ( |b.3a )- 



( |6.3b|) for fixed x. Furthermore, in both (|6.5a|) and ( |6.5b| ), the parameters z\, z 2 and u are 
also fixed for j 4 + j 2 + k\ — k 2 = 0, i.e., for the adjacent consecutive stretched triangles 
k 2 — k± + h — k± + ji + j 2 with the intermediate angular momentum corresponding to a 
crossbar of the Mobius strip (|6.1|) . Two remaining separate sums (over z 3 ,z 4 ) correspond 
to the balanced (Saalschiitzian) 4 F 3 [q, 1] [related to q-6j coefficient of the type ( |2.1a| )1 and 



summable [see Eq. (|B2a| )1 3 F 2 [q, 1] series. In this way, we derived the following relation: 

ji 32 h 3i 

3i+32 k h k 

ki ki + k k 3 k 4 
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v [nhh] v \j 2 i 2 j 3 ] v [k x jM v [h +j u j3 , k 3 ] 

For 4 mutual positions of the couples of the stretched triangles in the graph of the q-12j 
coefficient of the first kind, there are 22 different orientations of the total (maximal) angular 
momenta. In seven cases, the expressions include triple sums, twice they are proportional 
to the stretched q-9j coefficients, and once to the q-6j coefficient. In the remaining 12 cases, 
double sums may be obtained. Otherwise, for 3 mutual positions of the stretched triangles 
in the q-12j coefficient of the second kind, only 9 different orientations of the total angular 
momenta are possible, and in 6 cases double sums appear, and in 3 cases the expressions 
are single sums (only once proportional to the q-6j coefficient). 

Finally, the summation parameters z%, z% and u in ( 6.5b|) are fixed for ji— j 3 +ki + k 3 = 0, 



as well as for x = j% — k 3 = j\ + k± in expansion ( |6.3a| ), in which cases 4 linearly dependent 



angular momenta appear (disconnected) on the Hamilton line of graph (|6.1|) . In this case, 
two remaining separate sums (over z 2 ,z 4 ) are summable Saalschiitzian series 3 F 2 [q, 1] [see 
Eqs. ( |B2a|) and ( |B2b|) j, and the following expression may be derived: 

ji 32 ji + h + h j 4 



ki k 2 k 3 k. 



i 



q 2hk 1 +z j2j3U +z k2k3k4 [2j 1 ]\[2k 1 ]l[2k 3 ]lV\j 3 j A l 3 ]V\j 3 j 2 l2] 
X [2j 3 + 1]!V[j 1 j 2 / 1 ]V[A: 1 A ;2 / 1 ]V[j 1 A; 4 / 4 ]V[A; 1 j 4 / 4 ]V[A ; 3A ;2 / 2 ]V[A;3A;4/3]' ( °' LL) 



As for ( |5.13|) , the virtually stretched triangles are seen only in the q-6j coefficients, which 



appear in expansion of the q-12j coefficient of the first kind with extreme parameters. 



VII. CONCLUDING REMARKS 

Using Dougall's summation formulai! of the very well-poised aF 3 (— 1) series and its gen- 
eralization for the g-factorial series we derived six new (independent) triple sum expressions 
for 9j coefficients of SU(2) and seven independent triple sum expressions for q-9j coefficients 
of the quantum algebra u q (2). Rearrangement technique of the multiple sum expressions 
give several classes of double sum expressions for the stretched 9j coefficients of SU(2) and 
u q (2), related to the Kampe de Feriet functions. Hence the new multiple basic hypergeomet- 
ric series are introduced (cf. Ref. ^). Otherwise, Dougall's summation formulae^ of the very 
well-poised 5-F 4 (l) series and the transformation formulai! of the very well-poised 6 F 5 (— 1) 
series, allowed us to eliminate the factorial sums weighted with factor (2j + 1) and the very 
well-poised series in the traditional expressions of the 12j coefficients of SU(2) in terms of 
6j coefficients, as well as in the expressions of the q-l2j coefficients of u q (2) weighted with 
factor [2j + 1]. Although the obtained generic expressions for the q-l2j coefficients of the 
first kind include fivefold sums and the generic expressions for the q-12j coefficients of the 
second kind contain fourfold sums, the stretched and doubly stretched q-V2j coefficients of 
both become considerably simpler and present some new versions of the triple, double, or 
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single basic hypergeometric series, but more unusual and complicated than appear in the 
manuals of the angular momentum theory. The single term expressions for the q-l2j coeffi- 
cients of the both kinds also embrace the virtually stretched cases with four extreme linearly 
dependent disconnected angular momenta parameters appearing on the Hamilton lines of 
graphs (|5\2] ) or ([B.lfl . 

The symmetry properties and variety of expressions for the 12 j and q-l2j coefficients 
of the both kinds may inspire new possibilities of rearrangement of the multiple and usual 
classical and basic hypergeometric series. Expressions for 3nj coefficients of SU(2) (with 
n > 4) in terms of Qj coefficients also may be rearranged using, e.g., Watson's transformation 
formula of the very well-poised tFq(1) series [see Eq. (2.5.1) of Ref. |36| or Eq. (6.10) of Ref. 
56 1 . One may also use Eq. (5.3) of Ref. |34| for rearrangement of the very well-poised s-^M - 1) 
series, or Eqs. (A5) of Ref. ^ for rearrangement of the very well-poised 9-Fs(l) series. The 
number of sums in two last cases increases with elimination of the sums dependent on 
(2J + 1). 



APPENDIX A: GENERALIZATION OF DOUGALL'S 4 -F 3 (-l) AND 5 F 4 (1) 
SUMMATION FORMULAS FOR ^-FACTORIAL SERIES 

We present here 3 summation formulas of the twisted very well-poised g-factorial series, 
as generalizations of Dougall's summation formula (2.3.4.8) of Ref. ^ of the very well-poised 
4-F 3 (— 1) series. In particular, equation 

(_l)Pi+j+ya+i)-Pi(pi+i)[ 2j + - Pl - i]i 



\pi + j + l]![p 2 - j]\\p 2 + j + 1]\[ P3 - j]\\ps + j + 1]! 



r7 -(pi+P2 + l)(pi+P3 + l) 

(Al) 



[Pl +P2+ l]![pi + P3 + 1]![P2 + P3 + 1]! ' 

(valid when the summation parameter j is restricted naturally by the non-negative integer 
values of the denominator factorial arguments) was derived by Alisauskas.0 
Two other summation formulas, 

gj(j + l)-pi(pi+l)[2j + - pi - l]\\j-p 3 ~ 1]! 

V [Pi +3 + !] ! [P2 -j]![p 2 + j + l]![p 3 + j + 1]! 
^ g -(Pi+p 2 +i)(Pi+P3+i) [_ pi - p 3 - 2] ! 

[P1+P2 + 1]![P2+P3 + 1]! 

(-l)P2-JgjU+i)i2j + l][j- Pl - l}\[j-p 3 - l]![-p 3 - j - 2]\ 
[pi+j + l]![p 2 -j]![p 2 +i + l]! 

Pl(pi+l)-(pi+P2 + l)(pi+P3 + l) 

— [-Pi-P3-2]\[-p 2 -p 3 -2}\, (A3) 



and 



E 



[P1+P2 + I]! 
correspond to the analytical continuation of ( |A1| ) 
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Besides we present here two summation formulas of the very well-poised g-factorial series, 



E 



[2j + l]\j-p 1 -l]\\j-p 2 -l}\ 



[pi + 3 + 1]![P2 + 3 + l]![ps -i]![P3+ j + l]![p 4 
[-Pi ~ P2 - 2]![pi + p 2 + P3 



J']![P4+J + 1]! 
P4 + 2]! 



[pi +P4+ 1]![P2 + P4 + 1]![P3 + P4 + 1]![P2 + P3 + l]![pi + P3 + 1]! ' 



(A4a) 



andc 



E 



(_l)P4-j [gj + 1] [j- Pl - l]\[j-p 2 - l]\\j-p 3 - 1]! 
[ Pl + j + l]![p 2 + j + l]![p 3 + j + l]![p 4 - j]![p 4 + 3 + I]' 

hgi -P2 - 2]![-p2 -p3- 2]![-pi - pg ~ 2]! 

[Pl +p 4 + 1]![P2 +P4 + 1]![P3 +P4 + l]![~Pl -P2 -P3 -P4 - 3]!' 



(A4b) 



[Cf. Dougall's summation theorem of special very well-poised hypergeometric series 5^4(1) as 



(2.3.4.5) of Ref. |28] and special very well-poised basic hypergeometric series 605 as (2.4.2) of 
Ref. |36|. Note that very well-poised basic hypergeometric series 2k<p2k-i cannot be expressed 



in terms of 2fc-^2fe-i[ - • •; Q,x] series (|3.2|) 1- 

The very well-po ised 6 F 5 (— 1) and 7^(1) series appear in context of the Clebsch-Gordan 
and 6j coefficients of SU(2) as presented in Ref. [41] (see also Ref. |3|), as well as their g-analogs 
in the CG (cf. Ref. |55|) and 6j coefficients (cf. Ref. ^B|) of u q (2). The summation formulas 
( p\T| ) and ( |X2| ) may be obtained after cancelling some factorials in the numerators and 
denominators of ( |6.4a ) and ( 6.4b ), respectively, for p 3 = —pi — 2. 



APPENDIX B: CHU VANDERMONDE, SAALSCHUTZIAN, AND MINTON'S 

SUMMATION FORMULAS 

We present here the Chu-Vandermonde-Gauss-Heine summation formulas, iiE 



E 



q 



s(a+b+c) 



q bc [a + b + c}\ 



>]![6 - s]![c - s}\[a + s]\ [6]![c]![a + b]\[a + c]! ' 



(Bla) 



(_l)^ g ^(6+c-a-i)[ a - g]! _ bc [a-b]l[a-c]\ 



[s]\[b - s]\[c - s] 



[b)\[c]\[a - b - c]\ 



(Bib) 



for a > b, c, 



E 



(_l)«g«(6-««+C-l)[ _ S ]! c [ a _ c ]![5_ a + c _ 1]! 



[s]![6-s]![c-s]! 



(-i)V 



[c]![6]![6-o - 1]! 



(Blc) 



for 6 > a > c, and 



E« 



q+fr-c+2) [a-s]![6 + s]! = (b+ i) c [a-c]![6]![a + 6+l]! 

[s]![c-s]! ^ [c]![a + 6-c+l]! ' 



(Bid) 
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valid for finite g-factorial series and needed for rearrangements of Section IV. 

Under condition c + d = a + b + e, we may use also the summation formulas of the 
balanced (Saalschutzian) 3 F 2 [g, 1] series [cf. Refs. p8| , |36| , 

v (-lY[c + s]\[d-s]\ _ [c]\[d-a]\[d-b]\[c + d+l]\ 
^[s]![o-s]![6-s]![e + s + l]! [a]! [6]! [a + e + 1]![6 + e + l]![e - c}\ 1 ' 

for e — c > and 

V {-mc-s]\[d-s]\ [c-a]\[c-b}\[d-a]\[d-b]\ 

^ [s]\[a-s]\[b-s]\[e-s + l]\ [a]\[b]\[e - c]![e - d]\[e + 1]! 1 ' 

for e — c > and e — d > 0. 

It is sometimes useful to implement the q- version of Minton's summation formula or its 
inverse [cf. Eq. (1.9.6) of Ref. 



m 



Z w{ n - S] , ls+S] ™ + •!«>"* = ^jsw^r W' " %) '"" (B3a) 

if S + s 7^ for s = 0, 1, n, and n > 5^1=1 m «> 

(_ 1 ) SgS (a+6-c-m)[ c _ s ]| m 

^ [s]\[a-s]\[b-s}\[S-s + l] lX [ 3 ~ Sj 

= | ~ || ~ | Q [g _ Aj + 1]; (B3 b) 

which is valid if 5 — s + 1 7^ for s = 0, 1, min(a, b) and a + 6 — c — m>0. Note that 
the analytical continuation of the summation formulas ( |B3aj) and flB3b| ) of the alternating 
series to related series with the fixed sign of all terms is impossible. 



APPENDIX C: REARRANGEMENT FORMULAS OF SOME DOUBLE SUMS 
AND KAMPE DE FERIET FUNCTIONS 

Comparing the double finite g-factorial series that appear in the most symmetric ex- 
pression ( |4.4b|) for the stretched q-9j coefficients with its counterparts in Eqs. ( 4.4cj) and 



Q4.3a|) - (|4.3e ), respectively, and using single nonnegative integers a, b, c,d,m,n,e — a,f — b (as 



the parameters restricting summation intervals in different situations) instead of the triangu- 
lar linear combinations of angular momenta (after changing some summation parameters), 
the following rearrangement formulas may be written: 

qS (b+c+e-m-n+l)-z(a+d+f-m-n+l)[ c+ s ]|[ e _ + _ z ]| 

^ [s]\[a - s}\[z}\[b - z]\[n - s - z]\[m - a - b + s + z}\ ( ^ 

_ [e-a]![a + c-m]![d]![d+/+l]!y> [c + s}\[e - s]\[f - z}\ 



[a]\[m + n - a - b)\ ^ [s)\[e - a - s]\[z)\[b - z] 
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n+s „n(6+c+l)— s(m+l)— z(a+b+c+d— m+1) 



-l) n+s g 



9 



[d + / + 1 — z] ! [n — s — ! [a + c — m — n + s + z]! 
a(c+e -n+i)+6n [d] ! [d + / + 1] ! [e - a] ! [c + e + 1] ! 

[m + n — a — b] ! 

(_ 1 )a+ S +« ? - S (e-n+^)- 2 (6+d-m)[ a + c _ s ] ! [/ _ 2 ] ! [ m + n 



E 



-2 ! 



9 



s]![a - s]\[m - s]\[c + e + 1 - s]![«]![6 - - z]![d + / + 1 - z)\ 
,„, + i)- 6 ( 6+d _ m) _ (6+e _ g ) (c+e - n+ i) [d]![d + / + l]![e - a]![c + e + 1]! 



E 



[m + n — a — 6] ! 
(-l) a+e+rt+s [c + e - a - s]![c + e - m - s]\[f - b + z] 



s]\[e — a — s] ! [c + e + 1 — s]\[b + c + e — m — n — s — z] 

qs(b+e—n—z)+z(b+c+d+e—m+l) 



[z\\[b - z\\[n - b + z]\[d + / - b + 1 + z}\ 

a(c+l)-n(a+d-m) [e - fl]! [c + e + 1] ! [/ - 6] ! 
" rr_n i r — , til / , 



X 



/ ^\s+Zqs{e— z)— z(m— a+1) 

[b]\[m + n - a - b}\ ^ [s]l[a - s]l[c + e - a + 1 + s] 
c + s]![o + & + d - m - s]\[f - n + z]\[d + n - z]\ 



[a + b + d — m — s — z] ! [z] ! [n — z] ! [/ — b — n + z] ! 

a(c+e— m— n) — &(d+/— n+1) 

[/-6]![d + / + l]! +6+s+z [e_a + s]! 

[m + n — a — 6] ! ^— ' [s] ! [a — s] ! 

[a + C - s]\[b + d - Z]\[m + n - a - z }\ q z{"+f-n-s)-s(c+e-m-n+l) 

X [n-a + s]\[z}\[b - z}\[d + f + 1 - z\\\m - s - z}\ 

a(a+c+d+l)-n(a+d+l)+(a+b-f)(b-m) [ C ] ; W 

![/-6]![d + / + l]![c + e+l]! 



q 



E 



! [m + n — a — b}\ 

/ -^ s jb—f+n+Zq—s(a+b+c+d—m+z+l)—z(m+n—a—b) 

s]\[a — s]\[a + d + f — m — n — s] ! [c + e — a + s + 1]! 
[e - a + s]![& + z]\[b + d - m + z}\ 



(Clb) 



(Clc) 



(Cld) 



(Cle) 



(Clf) 



' > [z]![/-6-z]![6-o-/ + n + s + z]![6 + d + z + l]!' ^ Clg ^ 

We have only single terms in (|Cla| ), (|Clb| ), and (plej) for n = 0, as well as in (|Cla| ) and 
( pil| ) for m = 0. The bizarre restrictions 6 + c + e — m — n > for ( |Clb| ) and ( |Uld| ) and 
a + d + f — m — n > for (|Clej ) and ( |Clg ) also correspond to some triangular conditions with 
remaining double series summable for their limit values. Otherwise, restrictions c+e—m > 
in (|Cldj) , a + b + d — m > in (|Cle|) , or d + / — m > in ( |Clg|) correspond to some sums 
of triangular conditions. 

Using above derived expressions for the stretched q-9j coefficients, we may write in the 
notations ( fO) ) the following rearrangement formulas for the (/-generalizations of special 
Kampe de Feriet functions F^f, F®:f, and F^f: 

- h, h, —m b[, b' 2 , -n 

+ : d 5 d! 



^1:1 



•^O) Veil Q 



(C2a) 



- F l:2 
r 0:2 



\ — b\—b' x — m — n —m — d + 1, 



-m 



-d' -n + 1, 



-n 



1 — bi — m, 1 — b 2 — ?7i' l—^ — n, l — b' 2 —n 
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^ ^ j yn+n ^m{b2 — b^ — d— m+l)+n(b' 2 —bi—d' — m— n+1) 

(&l|g)m(&2|g)m(yi|g)n(y 2 |g)n 
(d|g)m(d'k)n(6l + &ik)(m+n) 



X 



(C2b) 



-pl:2 
^0:2 



b 2 — b 1 — b' 1 —n + l 6 2 — d+1, 6 2 1 — d' — n, —n 

: 62+m+l,6 2 -6i + l ; l-6 / 1 -n,l-6 / 2 -n ;Xc ' yc ' 9 



x ( — l) 6 i +b2+d+m_1 g n ( b 2- rf ')+fe(c(+rn-62-l)+6' 1 ( 2b i+ b 'i+ 2n - 1 ) 



X 



(6 2 |g) TO (c?-6 2 |g) ( _ d „ m) 
(d'|g)„(m + l|g)(_ d _ m) 



"61 - 62 - r 




-bi - b'; 




— b[ — n 


1 


~bi 


1 



(C2c) 



x 



— bi—b' 2 + d'+n,b 2 ,—m d' — b' 2 , b[, d'+n 

d'-6 / 2 +6 1 +6' 1 +n : d ' d' S^J/djg 

1 xftj n -KM-*-n) ^' ~ h 'l t bl + + 

) q (-6 1 + l|9) ( -6i) 



(C2d) 



xg 



— _ 6^, 1 — d — m, — m _ d' — b f 2 , 1 — 61 — 6^— m — n, — n _ 
1 — 61— m— n 62 — d — m + 1 ' 1 — 5' 2 — n 

te-tt-D+nW+tt-rf') ~ &1 ~ m ~ n \^{-KM ~ h 2\q) m (p' 2 \q) n 

(-6 1 + l|g) H / i) (d|g) m (d'|g)„ 



3+ ?/ei 5 

(C2e) 



-^0:2 

xg 
xg 



61 d — 62, — Tn 6 2 , — n 

- : 1 - b[ - m, d ' b' 2 - d! - n + 1, 61 + 6; + m ' X/ ' y/ ' g 

(6i-l)+n&£ (^l|g)m(d / -6 2 |g) w 

(6i + 6i|gUd'|g)n 



(C2f) 



b[ 1 — d — m, —m d! — b' 2 , —n 

1 - 61 - m - n : 6 2 - d - m + 1 ' d' ' Xg ' Vg ' ,q 

n.fr-vj+Kn tt ~ b^Ui-bi -m-n + l\g) { - b[) 
(d|g) m (-&i + l|g)(-6i) 



(C2g) 



- P l:2 
^1:1 



6^ 62 — d+1,1 — d — m b 2 , —n 

6i + 6i-d+l : 6 2 -d-m + l ' d' '^ Xh ^ q 



xg 1 



(d|g) m (-6i + l|g)(_6' l) 



(C2h) 



6 2 — 61 — 6' x — n + 1 6 2 — d + l,m + l 1 — d' — n, — n 
b 2 -b' 1 -d-n + 2 ' b 2 + m + 1 



(-: 

(6 2 |g) n (d-6 2 |g) M 



' 1 - 6' 2 - n ' 



j/a; g 



x (-l) 6 H 6 2+rf+m-l ? b2(26;-62+rf+m-l)-6;(6;-l)+rt(6^-d0+2(62-bl-b+n+l)(6 2 -6+(i+l) 



X 



(d'|g) n (m + l]g)(-d. 

^1:1 



61 - d 

6i+6' 1 -6 2 +n-l 



-61 - 6i' 
-61 



(C2i) 



61, 6 2 , — n b[, 6 2 , — m 
61 + 6i : 6 2 - d' - n + 1 ' 6 2 - d - m + 1 ' Xj ' Vj] q 
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xq 



mb 2 +nb> 2 (d-b 2 \q) m {b' 2 - d' -n + l\q) n 
(d\q) m (-n -d'+ l\q) n 



(C2j) 



+ F 1:2 
r 0:2 



b 2 -bi-b[-n+l _ d! - b 2 



2" 



-n 



b 2 — d + 1, m + 1 



' d-bt-n, l-b' 2 -n } b 2 +m+l,b 2 -b[-d+2 



Xk,Vk] q 



x ^_l^b\+b2+d+m+1^2{b2~b 1 -b{-n+l){b2-b{-d+l)-b 2 (b2-d-m+^^ 



X- 



(b' 2 \q) n (d - b 2 \q)(-d-m) 



(d'\q) n (m + l|g)(_ d _ m) 



b\ + n — d 
b 2 -V 1 -d+l_ 



-h - K 



(C2k) 



J q 



where 



fc-K-d-m+l and ya = g 6i-6 1 -rf'-n+l ) 



x a = q' 

Xb = gfc-bi-d-m-n+l and ^ = gf 
Xc = g 6 2 -fei-rf-m-n+l yc = gi 

^-^-d-m+l ^ yd = q • 



Xd = q b 2 - bl -d- m+ l and ^ = g - f 
0; e = q bi+K-b2+n and ^ = q d'-U ^ 
- = gbi+b'^ and yf = q d'~b' x - m ^ 

= q H+b> x -b 2+ n and yg = ?6l+6 ' 1 -6i+m ) 



,c2'-b'-m 

— y * yf — q > 

% = ? b 1+ 6i-6 2+ n and ^ = ?6l+6i - 6 ^ 

x, = g- 6l+1 and ^ = 
Xj = q d '- b 'i and yj = q d - bl , 
and x fc = /-d+&2-6i+i and y k = q -n-b 1+ i^ 

respectively, where only parameters m, n, —bi, —b[ are apparently correlated with some tri- 
angular conditions. Special Kampe de Feriet functions ( |(J2a| ) and (p2Tj) correspond, re- 
spectively, to the inverse and direct sums in (|4.3a| ), when function (|C2c|) corresponds to the 
direct sum in ( [4 . 3 b| ) , function ( |C2d| ) corresponds to the inverse sum in ( |4.3c| ) , and functions 



( p2e|) and ( |C21j ) correspond, respectively, to the inverse and direct sums in (|4.3d|) . Further, 
functions (|C2gj) , (|C2h|), and ( |C2i| ) correspond, respectively, to the sums that appeared in 



( CT ) and ( ggg ), as well as in flCIaD and dCTEQ . The two last functions ( £2] ) and (|C2§ 
are derived from (|C2a|) and the direct sum in ( j4.3c[) , respectively, after using the symmetry 
of + F^f function in (|C2gj) with fixed b\ and b[ under interchange of two sets, 

b 2 , m, d, d! and n,b 2 — d' — n + l,b 2 — d — m + 1, 

together with transition to ~F^f and q — > q~ l . 

Finiteness of the Kampe de Feriet series (|C2a|) is ensured either by the non-negative 
integer values of m and n, or by the non-positive integer values of b\ and b[, or by some 
their couples (m and — b' x , or —b\ and n). The both summation parameters are also restricted 
by the non- negative integer values of m and n in series flU2b| ), ( |C2e| )-( |C2gj ), and flC2j| ), as 
well as by the non-negative values of m and —b[ in series ( |C2a| ) and ( |C2cl| ) , or by the non- 
negative values of n and d — b 2 — 1 in series flC2cj ), ( |C2b| ), ( |C2i| ) , and ( |C2k| ) . Furthermore, 
the parameter b[ with the non-positive integer values restricts the double series in ( |C2h ) 
and ( |U2i| ), as well as separate series in ( |C2a| ), ( |C2e| ), and ( |(J2j[ ) . Series ( |C2f ) are finite for 
the non-positive integer values of single parameter 61, as well as ( p2cj) , ( |C2i|) , and ( |C2k| ) 
for the non-positive integer values of b 2 — bi — b[ — n + 1. Hence, special Kampe de Feriet 
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functions (|U2a]) -( p2^) are summable for bi = 0, or b[ = 0, or b 2 —bi — b' 1 —n+l = (i.e., 
for c = b\ — b[ = b 2 — n + 1) and, taking into account the symmetry of ( C2a ) with respect 



to the interchange of two sets, bi,b 2 , —m; d and b[, b' 2 , — n; d', for b' 2 — b[ — b\ — m+ 1 = 
(i.e., for c = bi — b[ = b' 2 — m + 1). The subscripts of the g-Pochhammer symbols in the 
proportionality coefficients are accepted as non-negative integers, when they perform the 
restricting role or correspond to definite non-negative linear combinations of 9j parameters. 
Otherwise, for the negative integer subscripts (— n) the following substitution may be used: 

(a + n|g)(_ n ) {P\q) n 



(/3 + n|g) ( _ n) (a\q) n 

Hence in the q = 1 case up to 5 or 6 parameters may be complex in the rearrangement 
formulas ( |C2a| )-( P2"jD of special Kampe de Feriet series, with exception of ( |C2c| ), ( |C2i| ) , 
and ( |C2k| ). In these three cases, which ensure the summability of the remaining series for 
bi — b[ = b^ — 771 + 1, only b' 2 and d' definitely may be taken the complex numbers. Extension 
problem to infinite series is open, since it is impossible to ensure the non-negative values of 
the all denominator arguments of F®:f series ( |C2a| )-( |C2"k| ) in the standard situation of the 
SU(2) stretched 9j coefficients, with exception of special Kampe de Feriet series (with rather 
complicated parameters and proportionality coefficient), which could be written instead of 

Using the substitution (|4.8|) and different strategy for each mutual relation, we may 
transform the double finite series (|C2i| ), ( P2d| ), ( ggp , (|C2g)-(|C2l), and ( g2g ) into stan- 
dard functions w ith partial cancelling of the g-phases of the proportionality coef- 
ficients. Preliminary in these situations only g 6 2 and q d can always be replaced by the 
complex numbers. Analogically, the double finite series ( |C2b| ) , (|C2c|) , and ( |C2f| )-( |C2| ) may 
be transformed into standard functions &c d after substituting =1= — > ± in the superscripts 
of t Fq;^ series and q^ 1 — > q in the corresponding g-phases. 

Note, that the summable Kampe de Feriet series F®:f (that appeared in Refs. |16|,I7D 



cannot be embedded into above presented versions of F^f series, or be derived from the 
expressions of the stretched 9j coefficients given in Sec. IV. Actually, expansion ( |4.1a| ) does 
not simplify under condition a + b — e = 0, but the ± F 1 0: 1 3 series0'0 appear from expression 
( p. la| ) in the doubly stretched case with a + b — e = and g = k + h, when 9j coefficients are 
proportional to the Clebsch-Gordan coefficients. In this particular case of expression ( p.la| ), 



we may also identify quintuplet of factorials under the summation sign in the numerator 
and denominator and reexpand it using the Chu-Vandermonde summation formulas given 
in Appendix B. As result of two alternative summations we obtain a 3F 2 [- ■ -;q,x} series, 
which is completely summable for k = b + d. 

Special cases of ± Fq^ functions should be mentioned in context of the double sums (with 
7 independent parameters) that appear in the extreme u q (3) canonical seed isofactorsBS and 
as definite matrix elements of the u q (3) algebra (see Section 5 of Ref. [M]) and are related 
to some g-factorial series resembling the very well-poised g0g basic hypergeometric series 
[which for q = 1 are equivalent to the very well-poised sFj(-l) classical hypergeometric 
series]. Further, the extreme denominator (normalization) functions of the u q (3) and SU(3) 
canonical tensor operators (with 5 independent parameters) may be expressed in terms of 



± F 1 1 ;| functions [cf. Eqs. (5.9c) and (5.9d) of Ref. ||, or Eqs. (3.7) and (3.14) of Ref. |59 



or in terms of F^f functions [see Eq. (2.8) and Section II of Ref. taking into account 
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the definite controversies of the (/-extension from the classical SU(3) case]. Besides, the 
summation possibilities for these special Kampe de Feriet functions are elementary. 



APPENDIX D: CLEBSCH GORDAN COEFFICIENTS OF SU(2) AND U Q {2) 
AND TWISTED VERY WELL-POISED SERIES 

The very well-poised qF^(-I) and 7-Fe(l) series appear in context of the Clebsch-Gordan 
and 6j coefficients of SU(2) as presented in Ref. [|l| (see also Ref. |3|), as well as their q- 
analogs in the CG (cf. Ref. [35|, where the dual Hahn g-polynomials are considered) and 6j 
coefficients (cf. Ref. |56|) of u q {2). 

We deduce here a new expression for the Clebsch-Gordan coefficients of SU(2) and u q {2) 
directly from the recoupling relation: 

(j 2 + m 2 )/2 (j 2 -m 2 )/2 j 2 
(j 2 + m 2 )/2 (m 2 -j 2 )/2 m 2 

= J2(-l) jl+j2+j ([2x + l][2j 2 + 1])V» / (j2 + m2)/2 (j2 " m2)/2 n 





Jl 


h 


J 


- <? 


mi 


m 2 


m 



Jl 



X 



Ji (j 2 + m 2 )/2 x 
m x (j'2 + m 2 )/2 m! 



x (j 2 - m 2 )/2 j 
m! (m 2 — j 2 )/2 m 



(Dl) 



where m! — mi + \{j 2 + m 2 ) 



m 



h(h ~~ m 2)- Inserting the stretched 6j and extreme CG 



coefficients expressed without sums, we obtain the following expression, 

1/2 

[2j + l][j 2 + m 2 ]\[j 2 - m 2 ]\[ji - mi]! [7 - m]! x 



Jl J2 J 

mi m 2 m 



xq 



[ji + mi]\[j + m]! 

{i20'2+l)-Jl0'i+l)-i(i+l)}/2-mijr-2-(j2+m2)0'2+m 2 +2)/4 
(_iyi+{h+m2)/2-x q x(x+l)[ 2x + 1][ X + m']\ 



V 2 [|( 



r(j2 + rn 2 ),ji,x]V 2 [\{j 2 - m 2 ),j, x][x - m'}\ 
where the right-hand side is related to the left-hand side of Eq. ( p. 4a ) with parameters 
Pi = |(j2 - m 2 ) -7-1, Vi = —m' - 1, = h(h + m 2 ) — 7i — 1 



(D2) 



m 2 ) 

P4 = 



- j ~ 1, P2 = -m' - 1, p 3 = \(j 2 + m 2 ) - ji 
\{j 2 - m 2 ) + j, p 5 = \{j 2 + m 2 ) + ji. 



Expression (|D2|) is invariant under 12 relations of the Regge symmetry, corresponding to the 
permutations in the sets pi,p 2 ,P3 or P4,p$. After expressing the CG coefficient of u q {2) by 
means of Eq. (5.17) of Ref. ^ [which after some cyclic permutation, is for q — 1, related to 
Eq. (13.1c) of Ref. |3|, and using the symmetry relation (4.13) of Ref. ^ (which allows one 
to interchange the parameters j 2 ,m 2 and j, — m in the CG coefficients), we derive our Eq. 
( |6. 4a| ) straightforwardly. The remaining very well-poised series with different numerator and 
denominator distributions of g-factorial arguments [e.g., the non-alternating left-hand side 
of (|6.4b|) or the non-alternating right-hand side of Eq. (5.3) of Ref. |34] with p 3 = — p 2 — 2, 
and their other analytical continuations] are not related to the Clebsch-Gordan coefficients 
of u q (2), although sometimes they may be related to the CG coefficients of u q (l, 1). 
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